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We compute mixed QCD-electroweak corrections to the fully-differential production of an on-shell
W boson. Decays of W bosons to lepton pairs are included in the leading order approximation.
The required two-loop virtual corrections are computed analytically for arbitrary values of the elec-
troweak gauge boson masses. Analytic results for integrated subtraction terms are obtained within
a soft-collinear subtraction scheme optimized to accommodate the structural simplicity of infra-red
singularities of mixed QCD-electroweak contributions. Numerical results for mixed corrections to
the fiducial cross section of pp → W+ → l+ν and selected kinematic distributions in this process
are presented.
I. INTRODUCTION
Studies of electroweak gauge bosons produced in hadron collisions played an important role in establishing the validity
of the Standard Model of particle physics. Given these successes, it is not surprising that experiments at the LHC
continue the systematic exploration of vector-boson production processes [1–4]. Although plenty of interesting physics,
ranging from constraints on parton distribution functions to measurements of the weak mixing angle to explorations
of lepton universality, can be investigated by studying the production of single W and Z bosons, the Holy Grail of
precision electroweak physics at the LHC is the measurement of the W -boson mass. Indeed, the current goal is to
measure the W mass with a precision of about 8 MeV to match the uncertainty in the value of the W mass obtained
from precision electroweak fits [5, 6]. If achieved, it will imply a relative uncertainty on the (directly measured)
W -boson mass of about O(10−2) percent, an astounding precision.
Perturbative computations within the Standard Model play a central role in providing a precise description of W
and Z production processes at the LHC and are thus crucial for the success of precision electroweak measurements.
Currently, fully-differential cross sections for dilepton production in hadron collisions are known through next-to-next-
to-leading order (NNLO) in perturbative QCD [7–17] and through next-to-leading order (NLO) in electroweak theory
[18–27]. Very recently, the total cross section for W production was computed through N3LO in perturbative QCD
[28].
Although an exact relation between the quality of the theoretical description of the process pp → W → lν and the
precision with which the W mass can be extracted is complicated and observable-dependent, it is generally agreed
that mixed QCD-electroweak corrections to this process, i.e. all effects that are suppressed by a product of QCD and
electroweak couplings O(αsαEW ) relative to the leading-order process, need to be accounted for to achieve O(8) MeV
precision. It is also important to compute mixed corrections at a fully-differential level to ensure that they can be
calculated for realistic observables.
Recently, such mixed QCD-electroweak corrections were calculated for on-shell Z production at the LHC in Refs. [29,
30], extending earlier results on mixed QCD-QED corrections presented in Refs. [31–34].1 Although the underlying
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2mechanisms for Z and W production at the LHC are quite similar, there are two outstanding issues with extending
the computation of QCD-electroweak corrections to W production. The first challenge is that two-loop mixed QCD-
electroweak corrections are available for Z-boson production [36] but are unknown for the W -boson case.2 The
computation of these corrections is cumbersome, since they depend on several mass scales, but definitely feasible. We
present the results of this calculation in this paper.
The second problem that needs to be addressed are soft and collinear divergences. These divergences originate from
singular soft and collinear limits of loop integrals and real-emission amplitudes; they are known to disappear when
elastic and inelastic processes are combined. For the purpose of a fully-differential description of W production in
hadron collisions, these divergences need to be extracted from real-emission contributions without integration over the
resolved phase space. Several ways to do this in practice were developed in the context of NNLO QCD computations
at hadron colliders [38–45].
In this paper, we employ the so-called nested soft-collinear subtraction scheme [45] that we adjust to accommodate
particularities of mixed QCD-electroweak corrections. We note that such an adjustment was not necessary in the
case of Z production since Z bosons are electrically neutral. For this reason, a simple abelianization of NNLO
QCD corrections to Z production was sufficient [32]. However, since W bosons are electrically charged and, hence,
interact with photons, it is not possible to adapt the NNLO QCD description of W production to describe mixed
QCD-electroweak corrections. In what follows, we derive simple formulas that describe integrated subtraction terms
required to make O(αsαEW ) corrections to pp → W finite. Presenting these formulas, alongside results for the
two-loop virtual corrections, is the main goal of this paper.
We note that mixed QCD-electroweak corrections to pp → W → lν can be split into three categories: i) mixed
corrections to the production process pp → W , ii) QCD corrections to the production process and electroweak
corrections to the decay and iii) non-factorizable corrections that connect production and decay processes [46]. The
non-factorizable corrections to on-shellW production are suppressed by powers of ΓW /MW [46–48] and, therefore, can
be neglected. Similarly, in case of on-shell production, corrections to the production and decay stages of the process
can be defined unambiguously in a gauge-invariant way, see e.g. Ref. [46]. NLO QCD corrections to the production
and NLO electroweak corrections to the decay – as well as mixed QCD-EW corrections to the decay coming from
renormalization – have already been considered in Refs. [46, 48] and for this reason we do not consider them here.
The unknown contribution is mixed QCD-electroweak corrections to the production process pp → W since it is of
NNLO type. In this paper, we focus on this contribution.
More specifically, we derive formulas for the two-loop corrections to the qq¯′ → W vertex function and for all the
subtraction terms required to compute mixed QCD-electroweak corrections toW -boson production at the LHC. As an
application, we provide results for fiducial cross sections and selected kinematic distributions for the pp→W+ → l+ν
process. However, we do not perform detailed phenomenological studies related to e.g. the impact of these corrections
on the W -mass measurement since such studies warrant a separate publication. We plan to return to this topic in
the near future.
The paper is organized as follows. In Section II we provide a brief overview of the nested soft-collinear subtraction
scheme and point out differences between the mixed QCD-EW case studied here and the pure NNLO QCD cases
considered earlier [12, 45]. In Section III we describe the soft limits of scattering amplitudes relevant for computing
mixed QCD-EW corrections. In Section IV we briefly discuss the computation of NLO electroweak corrections to
pp → W .3 In Section V we derive all of the integrated subtraction terms required for the full mixed QCD-EW
calculation, focusing on the most complicated qq¯′ and gq partonic channels. In Section VI we present final formulas
for integrated subtraction terms for all partonic channels. In Section VII numerical results are presented. We conclude
in Section VIII. Many intermediate results, including the detailed discussion of mixed QCD-electroweak corrections
to the qq¯′ →W form factor, are collected in the Appendices.
2 The form factor was computed as an expansion in sin2 θW in Ref. [37].
3 The NLO QCD corrections required for computing mixed QCD-electroweak corrections can be borrowed from Refs. [12, 45]; for this
reason, we do not discuss them here.
3II. AN OVERVIEW OF THE NESTED SOFT-COLLINEAR SUBTRACTION SCHEME AND ITS
MODIFICATION FOR QCD-EW CORRECTIONS TO W PRODUCTION
In this section, we provide an overview of the soft-collinear subtraction scheme [12, 45]. For the sake of definiteness,
we consider the process pp → W+ → l+ν. It is well-known that infra-red safe observables defined for this process
must receive contributions from elastic pp → W+(l+ν) and inelastic pp → W+(l+ν) + Xf channels. We note that,
depending on the type of corrections that are studied, Xf stands for final states composed of gluons, quarks and/or
photons.
It is conventional to use dimensional regularization to compute virtual corrections and to regulate real-emission
contributions. In this case, higher-order contributions to the elastic process contain explicit 1/ poles that originate
from an integration over loop momenta, whereas inelastic processes develop such 1/ poles only once the integration
over phase spaces of all potentially unresolved particles is performed. To keep results fully-differential, this phase-space
integration should be performed in a way that does not affect infra-red safe observables. A procedure that allows one
to do that defines a particular computational scheme that is often referred to as a subtraction (or a slicing) scheme.
As we already mentioned, in this paper we will use the so-called nested soft-collinear subtraction scheme introduced
in Ref. [45].
The nested subtraction scheme is based on the well-known notion of factorization of scattering amplitudes in singular
limits and the fact that, thanks to QCD color coherence, soft and collinear limits of scattering amplitudes can be dealt
with independently of each other. The behavior of scattering amplitudes in the singular limits is well-known; typically,
they split into universal functions that encapsulate singular behavior and amplitudes that describe lower-multiplicity
processes.
The idea behind the soft-collinear subtraction scheme is to iteratively subtract such singular limits from differential
cross sections starting from soft singularities. The subtraction terms have to be added back and integrated over the
unresolved phase space. In the case of collinear singularities a similar procedure is followed; the collinear subtraction,
however, applies to cross sections that are already soft-subtracted. This nested nature of the subtraction process gives
rise to a name – the nested soft-collinear subtraction scheme.
An important challenge in constructing subtraction terms is to ensure that the resulting limits are unambiguous. This
requires us to resolve overlapping singularities whenever they arise. In QCD overlapping singularities are present in
both soft and collinear emissions but there is no soft-collinear overlap. To deal with soft singularities in QCD ampli-
tudes, we order gluon energies and consider the so-called double-soft and single-soft limits. To deal with overlapping
collinear singularities, we follow Refs. [42, 49] and introduce partitions and sectors that allow us to uniquely specify
how singular collinear limits are approached.
Although similar in spirit to the general QCD case, the calculation of mixed QCD-EW corrections to qq¯′ → W+ is
particular. There are a few reasons for that. The first one is that soft singularities in the process qq¯′ → W+gγ are
not entangled. To understand this, we note that when both a gluon and a photon are emitted from quark lines, the
situation is QED-like and soft singularities in QED are known to be independent from each other. If, however, a
photon is emitted from a W -boson line and a gluon is emitted from a quark line, the independence of the two soft
limits is obvious. This feature of mixed QCD-QED corrections allows us to consider soft limits of a photon and a
gluon separately, leading to simplifications of the integrated subtraction terms compared to the QCD case. Indeed,
only the product of two NLO-like integrated soft subtractions is required, although we need them to higher order in
the -expansion compared to a NLO calculation proper.
Similarly, collinear limits can be simplified because photons and gluons do not interact with each other. Since two out
of the four collinear sectors described in Ref. [45] for the NNLO QCD case are introduced to isolate the g∗ → gg(qq¯)
splitting, the mixed QCD-EW case can be simplified at least inasmuch as the Wgγ final state is concerned. Moreover,
for gq initial states, the absence of g → gγ splittings leads to a simplified version of the required partition functions
compared to the case discussed in Ref. [45], and a smaller number of singular limits that need to be considered.
Contrary to the soft case, collinear sectors still contain genuine NNLO-like contributions that do not fully factorize
into the product of NLO-like limits. Nevertheless, the features discussed above make the construction of subtraction
terms much easier than in the generic QCD case.
As we already mentioned in the introduction, an important difference with respect to a computation of NNLO QCD
corrections to pp → W [12] stems from the fact that W bosons radiate photons. Since W bosons are massive, such
radiation does not affect collinear singularities but it does change the soft ones. Hence, formulas for the soft limits
need to be modified compared to the QCD case. We describe the corresponding modifications and how we deal with
them in the next section.
4The final difference between the NNLO QCD computations reported in Refs. [12, 45] and the one that we discuss
in this paper is that this time we perform computations in an arbitrary, i.e. not center-of-mass, partonic reference
frame. The very fact that the soft-collinear subtraction scheme is perfectly suited to deal with this situation in spite
of the fact that it is not manifestly Lorentz invariant is interesting. It illustrates the flexibility of this approach and,
on a practical level, it makes the treatment of soft and collinear limits very natural and transparent.
III. THE SOFT LIMITS
As we mentioned in the previous section, an important difference between the computations of NNLO QCD and mixed
QCD-electroweak corrections is the soft limits. In this section, we elaborate on this point and provide the required
formulas to describe them.
The key feature that we exploit to construct soft subtraction terms for mixed QCD-EW corrections is the fact that
soft-photon and soft-gluon limits are not entangled. For this reason we can consider the two soft limits independently.
The resulting simplifications in computing integrated subtraction terms will become apparent when we discuss the
NNLO computations in Section IV. In this section, we describe the soft limits relevant for the mixed case and explain
how the required eikonal integrals can be evaluated.
We focus on the most complicated process u(p1) + d¯(p2)→W+ + g(p4) + γ(p5). We employ notations that have been
used in NNLO QCD calculations [12, 45] and denote the product of the matrix element squared of this process and
the relevant phase space factor for the W boson (or its decay products) as FLM(1u, 2d¯; 4g, 5γ)
FLM(1u, 2d¯; 4g, 5γ) = N
∑
col,pol
|A(p1, p2; pW , p4, p5)|2(2pi)dδd(p1 + p2 − pW − p4 − p5) d
d−1pW
(2pi)d−12EW
. (1)
A similar notation is used for lower-multiplicity processes. In Eq.(1), N stands for all the required (d−dimensional)
initial-state color and helicity averaging factors, and for all the required final-state symmetry factors. Note that
FLM(1u, 2d¯; 4g, 5γ) does not contain the phase-space volume elements for the potentially unresolved particles p4 and
p5. We consider the soft-gluon and the soft-photon limits separately. Similar to the NNLO QCD case, we describe
these limits using two operators, Sg and Sγ . The operator Si selects the most singular contribution of |M|2 in the
Ei → 0 limit and removes particle i from the momentum-conserving δ function. For further details, see Refs. [12, 45].
We begin by considering the soft-gluon limit. In the notation that we have just reviewed, it reads
SgFLM(1u, 2d¯; 4g, 5γ) = g
2
s Eikg(p1, p2; p4)FLM(1u, 2d¯; 5γ), (2)
where gs is the (bare) strong coupling, and
Eikg(p1, p2; pg) =
2CF (p1p2)
(p1pg)(p2pg)
, (3)
with (pipj) ≡ pi · pj . Also, CF = (N2c − 1)/(2Nc) is the QCD quadratic Casimir and Nc = 3 is the number of colors.
Note that this limit is independent of whether or not there is a photon in the matrix element squared; this implies
that an identical formula can be used to describe the soft gluon limit of the process u(p1) + d¯(p2)→W+ + g(p4):
SgFLM(1u, 2d¯; 4g) = g
2
s Eikg(p1, p2; p4)FLM(1u, 2d¯). (4)
The soft-gluon limit of different partonic channels can be trivially obtained by crossing these results. For example,
SgFLM(1γ , 2d¯; 4u¯, 5g) = g
2
s Eikg(p2, p4; p5)FLM(1γ , 2d¯; 4u¯). (5)
To analyze the soft-photon limit, we write
SγFLM(1u, 2d¯; 4g, 5γ) = e
2 Eikγ(p1, p2, pW ; p5)FLM(1u, 2d¯; 4g), (6)
where pW = p1 + p2 − p4 is the four-momentum of the W boson and e is the (bare) electric coupling. The QED
eikonal function reads
Eikγ(p1, p2, pW ; pγ) =
{
QuQd
2(p1p2)
(p1pγ)(p2pγ)
−Q2W
p2W
(pW pγ)2
+QW
(
Qu
2(pW p1)
(pW pγ)(p1pγ)
−Qd 2(pW p2)
(pW pγ)(p2pγ)
)}
. (7)
5In Eq.(7) we used QW = Qu −Qd to denote the electric charge of the W boson. Note that pW depends on the gluon
four-momentum; hence, it changes if the soft-photon and the soft-gluon limits are considered simultaneously.
To compute the soft subtraction terms, we integrate the eikonal functions Eikg,γ over the phase spaces of a soft gluon
and/or photon. Following the NNLO QCD computations [12, 45] we define phase-space elements with an upper energy
cut-off Emax
[dp] =
dd−1~p
(2pi)d−12p0
θ(Emax − p0). (8)
In the case of the soft-gluon limit, we easily find∫
[dp4]g
2
s Eikg(p1, p2; p4) = [αs]
2CF (2Emax)
−2
2
Γ2(1− )
Γ(1− 2) , (9)
where
[αs] =
g2sΩ
(d−2)
2(2pi)d−1
=
(αs
2pi
) (4pi)
Γ(1− ) , (10)
with αs the (bare) strong coupling.
To describe the soft-photon contribution, we need to integrate the soft-photon eikonal function Eq.(7) over the photon
phase space. Since this integral is more involved than the one in the gluon case Eq.(9), it is beneficial to compute it
in two special cases.
The first case is that of a soft photon but resolved gluon. The relevant eikonal integral was computed in Ref. [50] and
we borrow it from there. We obtain∫
[dp5]e
2Eikγ(p1, p2, pW ; p5) = [α](2Emax)
−2 Γ
2(1− )
Γ(1− 2)Jγ(1, 2,W ), (11)
where
Jγ(1, 2,W ) =
Q2d +Q
2
u
2
+
QW

(
QW − 2Qu ln
(
κ1W√
1− β2
)
+ 2Qd ln
(
κ2W√
1− β2
))
−Q2W
[
1
β
ln
1− β
1 + β
− 1
2
ln2
1− β
1 + β
]
− 2QW
2∑
i=1
Qi(−1)i ln
(
κiW
1− β
)
ln
(
κiW
1 + β
)
− 2QW
2∑
i=1
Qi(−1)i
[
Li2
(
1− κiW
1− β
)
+ Li2
(
1− κiW
1 + β
)]
+O().
(12)
In Eq.(12) Q1 = Qu and Q2 = Qd, QW = Qu − Qd, β =
√
1−M2W /E2W and κiW = (pipW )/(EiEW ). Note that,
similar to the QCD case, we introduced in Eq.(11) a convenient notation for the (bare) fine structure constant α
[α] =
e2Ω(d−2)
2(2pi)d−1
=
( α
2pi
) (4pi)
Γ(1− ) . (13)
For the gluon-initiated process g(p1)+d¯(p2)→W++u¯(p4)+γ(p5), we require a similar but slightly different integrated
eikonal function. It reads∫
[dp5]e
2Eikγ(p2, p4, pW ; p5) = [α](2Emax)
−2 Γ
2(1− )
Γ(1− 2) Jγ(2, 4,W ), (14)
where
Jγ(2, 4,W ) =
Q2d +Q
2
u
2
+
QW

(
QW − 2Qu ln
(
κ4W√
1− β2
)
+ 2Qd ln
(
κ2W√
1− β2
))
− 2QuQd

ln(η42)
−Q2W
[
1
β
ln
1− β
1 + β
− 1
2
ln2
1− β
1 + β
]
− 2QW
∑
i∈{2,4}
Qi ln
(
κiW
1− β
)
ln
(
κiW
1 + β
)
− 2QW
∑
i∈{2,4}
Qi
[
Li2
(
1− κiW
1− β
)
+ Li2
(
1− κiW
1 + β
)]
+ 2QdQu
(
Li2(1− η42) + 1
2
ln2 η42
)
+O(),
(15)
6and Q2 = Qd, Q4 = −Qu, QW = Qu − Qd, β =
√
1−M2W /E2W and κiW = pipW /(EiEW ). We also used η42 =
(p2p4)/(2E2E4) = (1− cos θ42)/2 in Eq.(15).
We can use the integrated soft-photon eikonal factors shown in Eqs.(11,14) both when a gluon or a quark in the
final state are resolved, so that pW 6= p1 + p2, and when they are unresolved. However, for the latter case one needs
to evaluate the integrated photon eikonal function to higher orders in the -expansion, in the required kinematic
configuration. It is technically more convenient to obtain this result by first taking the required limits in the eikonal
function Eq.(7) and integrating over the photon four-momentum after that, rather than the other way around.
Although soft and collinear parton emissions have a different impact on the QED eikonal function, it is easy to see
that we can accommodate both soft and collinear limits of the emitted parton p4 by integrating the eikonal function
Eikγ in an arbitrary reference frame with the constraint pW = p1 + p2. We write such an integral as∫
[dp5] e
2Eikγ(p1, p2, pW ; p5)|pW=p1+p2 = [α](2Emax)−2
Γ2(1− )
Γ(1− 2) J˜γ(E1, E2), (16)
where the function J˜γ(E1, E2) reads
J˜γ(E1, E2) =
Q2u +Q
2
d
2
+
Q2W
(1− 2) +
QW
2
{
Qu
[(
E1
E2
)
− 1
]
−Qd
[(
E2
E1
)
− 1
]}
+
QW
2
{
Qu
(
E1
E2
) [
F21
(
−,−2, 1− 2, 1− E2
E1
)
− 1
]
−Qd
(
E2
E1
) [
F21
(
−,−2, 1− 2, 1− E1
E2
)
− 1
]}
+
Q2W
(1− 2)
(
E2
E1
) [
F21
(
−2, 1− , 2− 2, 1− E1
E2
)
− 1
]
.
(17)
We note that entries in the first line in Eq.(17) are divergent contributions to J˜γ ; all other terms in Eq.(17) have a
finite → 0 limit. We also note that the function J˜γ assumes a particularly simple form in the partonic center-of-mass
frame, E1 = E2. We find
J˜γ(E1, E1) =
Q2u +Q
2
d
2
+
Q2W
(1− 2) . (18)
Although, as we said earlier, we perform all computations in an arbitrary frame, once the poles cancellation is achieved,
we switch back to the partonic center-of-mass frame to present analytic results for the finite integrated subtraction
terms. The simplicity of Eq.(18) is an important reason to expect results in the center-of-mass frame to be compact
and physically transparent.
IV. NEXT-TO-LEADING ORDER ELECTROWEAK CORRECTIONS
To introduce notations and show how the nested soft-collinear subtraction scheme is applied to a simple problem, we
briefly discuss the computation of NLO electroweak corrections. At this order, we need to consider both the qq¯′ →Wγ
and the γq →Wq′ channels.
We first consider the qq¯′ channel, and begin with the real-emission process u(p1) + d¯(p2) → W+ + γ(p4). Using the
notation introduced in Ref. [45] and reviewed in the previous section, we write the real-emission contribution as
2s · dσγR =
∫
[dp4]FLM(1u, 2d¯; 4γ) = 〈FLM(1u, 2d¯; 4γ)〉, (19)
where s = 2p1 · p2 and [dp4] = dd−1p4/((2pi)d−12E4)θ(Emax − E4). We do not show the four-momentum of the W
boson in the list of arguments of the function FLM; we assume that it is always derived from energy-momentum
conservation. We note that the phase-space integration measure for all final-state particles but the photon, as well as
the delta function that ensures energy-momentum conservation, are included in the function FLM, see Eq.(1).
We begin with the extraction of soft singularities and write
〈FLM(1u, 2d¯; 4γ)〉 = 〈SγFLM(1u, 2d¯; 4γ)〉+ 〈(I − Sγ)FLM(1u, 2d¯; 4γ)〉. (20)
7The first term in Eq.(20) is computed using the integrated eikonal function given in Eq.(16). We find
〈SγFLM(1u, 2d¯; 4γ)〉 = [α](2Emax)−2
Γ2(1− )
Γ(1− 2) 〈J˜γ(E1, E2)FLM(1u, 2d¯)〉. (21)
The term proportional to (I −Sγ) on the right hand side of Eq.(20) is soft-regulated, but it still contains divergences
when the photon becomes collinear to one of the incoming quarks. To regulate them, we use the same approach we
used for the QCD case [12, 45]. In particular, in analogy to the soft case we introduce the collinear operators Cγi
that extract the collinear limit from FLM, see Refs. [12, 45] for details. We then write
〈(I − Sγ)FLM(1u, 2d; 4γ)〉 = 〈OγNLO [FLM(1u, 2d; 4γ)]〉+ 〈(I − Sγ) (Cγ1 + Cγ2)FLM(1u, 2d; 4γ)〉, (22)
where OγNLO = (I − Sγ) (I − Cγ1 − Cγ2). The first term on the right hand side of Eq.(22) is fully regulated and we
do not discuss it anymore. In the last two terms, we need to consider the limit when the photon becomes collinear to
either p1 or p2. We start with the case when the photon is collinear to p1. The corresponding collinear limit can be
directly taken from the QCD case [12, 45]. We obtain
Cγ1FLM(1u, 2d; 4γ) =
e2Q2u
E24ρ41
(1− z) P¯qq(z)FLM(z · 1u, 2d¯)
z
, (23)
where E4 = (1− z)E1, ρij = pi · pj/(EiEj) = 1− cos θij and the splitting function P¯qq(z) is defined as follows
P¯qq(z) =
1 + z2
1− z − (1− z). (24)
Note that compared to a conventional q → q + g splitting function, we do not include the color factor CF in P¯qq.
The reason for that is that one and the same splitting function can then be used to describe both the q → q + γ and
q → q + g splittings which is quite convenient.
The next steps are identical to the QCD computation and involve integration over the photon emission angle in the
soft-regulated collinear term [12, 45]. Repeating these steps, we find
〈(I − Sγ)Cγ1FLM(1u, 2d; 4γ) = −[α]Q
2
u

Γ2(1− )
Γ(1− 2)
〈
(2E1)
−2
1∫
0
dzPNLOqq (z, L1)
FLM (z · 1u, 2d¯)
z
〉
, (25)
where L1 = lnEmax/E1 and
PNLOqq (z, L) = (1− z)−2P¯qq(z) +
1

δ(1− z)e−2L. (26)
The expansion of the function PNLOqq in powers of  is given in Appendix C.
To obtain the final result for the soft-regulated collinear contribution in Eq.(22) we need to account for the term
proportional to Cγ2(I − Sγ). It is easy to obtain it from Eq.(25) by replacing L1 with L2 = lnEmax/E2 and
FLM (z · 1u, 2d¯) with FLM (1u, z · 2d¯). Upon doing that, we find
2s · dσγR = [α](2Emax)−2
Γ2(1− )
Γ(1− 2) 〈J˜γ(E1, E2) FLM(1u, 2d¯)〉+ 〈O
γ
NLO [FLM(1u, 2d¯; 4γ)]〉
− [α]

Γ2(1− )
Γ(1− 2)
1∫
0
dz
2∑
i=1
Q2i (2Ei)
−2PNLOqq (z, Li)
〈
F
(i)
LM (1u, 2d¯ | z)
〉
,
(27)
where we used the notation Q1,2 = Qu,d and
F
(i)
LM (1u, 2d¯ | z) =
{
FLM (z · 1u, 2d¯) /z, i = 1,
FLM (1u, z · 2d¯) /z, i = 2. (28)
We will use the notation in Eq.(28) and its natural generalizations in what follows.
To obtain the final result for the NLO corrections, we have to combine the real-emission contribution Eq.(27) with
virtual corrections and PDFs renormalization. The former are discussed in Appendix A. We now discuss the latter.
8Collinear counterterms depend on the renormalized coupling constant α(µ).4 Since all the above results are written
using unrenormalized couplings, we rewrite the results for the convolutions through the unrenormalized coupling
constants as well using
[α(µ)] =
Γ(1− )
µ2eγE
[α], [αs(µ)] =
Γ(1− )
µ2eγE
[αs]. (29)
The collinear renormalization contribution then reads
dσpdf =
[α]

Γ(1− )
µ2eγE
∫
dz P¯AP,0qq (z)
2∑
i=1
Q2i
〈
F
(i)
LM (1u, 2d¯ | z)
〉
, (30)
where P¯AP,0qq is the (color-stripped) LO Altarelli-Parisi splitting function. Its explicit form is given in Appendix D.
Combining virtual and real contributions with the collinear renormalization contribution we find the final result for
NLO electroweak corrections to the u+ d¯→W+ process. It reads
2s · dσEWNLO,qq¯′ =
〈
FEW,finLV (1u, 2d¯) +OγNLO [FLM(1u, 2d¯; 4γ)]
〉
+ [α]
1∫
0
dz
2∑
i=1
Q2iP
fin
qq (z, Ei)
〈
F
(i)
LM(1u, 2d¯ | z)
〉
+ [α]
〈[
−Q
2
u +Q
2
d
2
− 1

(
5
2
(Q2u +Q
2
d)− 2QuQd
)
+QuQd
[
1− cos(pi)]( 2
2
+
3

)]
s−12 FLM(1u, 2d¯)
〉
+ [α]
Γ2(1− )
Γ(1− 2)
〈
(2Emax)
−2J˜γ(E1, E2) +
2∑
i=1
{
Q2i (2Ei)
−2

[
3
2
+
1

(
1− e−2Li)]}FLM(1u, 2d¯)
〉
,
(31)
where FEW,finLV is defined in Appendix A. The splitting function P
fin
qq (z, Ei) is defined in the following way
P finqq (z, Ei) = −
1

[
Γ2(1− )
Γ(1− 2) (2Ei)
−2
(
PNLOqq (z, 0) +
3
2
δ(1− z)
)
− Γ(1− )
eγEµ2
P¯AP,0qq (z)
]
. (32)
The representation of the NLO cross section as in Eq.(31) is convenient as it allows us to compute convolutions of these
cross sections with splitting functions, required for the evaluation of mixed QCD-EW corrections, in a straightforward
way. It is easy to check that, upon expanding in , all singularities in Eq.(31) cancel and a finite result is obtained.
In the center-of-mass frame E1 = E2 and with µ = MW , Emax = E1, Eq.(31) becomes
2s · dσEWNLO,qq¯′ =
+
(αEW
2pi
){ 1∫
0
dz
2∑
i=1
Q2iPNLOqq (z)
〈
F
(i)
LM(1u, 2d¯ | z)
〉
+
[
pi2
3
(
Q2u +Q
2
d
)
+
(
2− pi
2
2
)
Q2W
]
〈FLM(1u, 2d¯)〉
}
+
〈
FEW,finLV (1u, 2d¯) +OγNLO [FLM(1u, 2d¯; 4γ)]
〉
+O().
(33)
In Eq.(33), αEW is the renormalized coupling5 and we have introduced
PNLOqq (z) = 4
[
ln(1− z)
1− z
]
+
− 2(1 + z) ln(1− z) + (1− z)− 1 + z
2
1− z ln z. (34)
The extraction of singularities in the γq → Wq′ channel proceeds in full analogy with the discussion above and, for
this reason, we do not repeat it here and limit ourselves to presenting the final result. For definiteness, we consider
the γd¯→W+u¯ channel, work in the center-of-mass frame and set µ = MW , Emax = E1 = E2. We obtain
2s · dσEWNLO,γq = [α]
1∫
0
dzNcQ
2
uP
fin
qg (z, E1)
〈
FLM(z · 1u, 2d¯)
z
〉
+
〈Ou¯NLO [FLM(1γ , 2d¯; 4u¯)]〉 , (35)
4 In case of NLO QCD corrections, collinear counterterms depend on αs(µ).
5 Eventually, we will work in the Gµ input parameter scheme. In the setup described in Section VII, we obtain 1/αEW = 132.338.
9where Ou¯NLO = I − C41. We also defined
P finqg (z, Ei) = −
1

[
Γ2(1− )
Γ(1− 2) (2Ei)
−2PNLOqg (z)−
Γ(1− )
eγEµ2
P¯AP,0qg (z)
]
, (36)
with P¯AP,0qg (z) defined in Appendix D and
PNLOqg (z) = (1− z)−2
[
(1− z)2 + z2 − ]/(1− ). (37)
We note that the factor 1/(1− ) appears because the averaging factors of hard processes, included in the definition
of hard functions FLM, are different for processes with different initial states. In case of Eq.(35), the left hand
side involves a gluon-quark cross section where the overall factor includes an average over (d − 2) = 2(1 − ) gluon
polarizations; on the right hand side of Eq.(35) the cross section for quark-antiquark annihilation appears where an
average over the two quark (antiquark) polarizations is included. The mismatch between polarizations of gluons and
quarks in the initial state leads to the factor (1− ) that appears explicitly in our definition of PNLOqg .
After expanding in , we obtain
2s · dσEWNLO,γq =
(αEW
2pi
) 1∫
0
dzNcQ
2
uPNLOqg (z)
〈
FLM(z · 1u, 2d¯)
z
〉
+
〈Ou¯NLO [FLM(1γ , 2d¯; 4u¯)]〉+O(), (38)
with
PNLOqg (z) =
[
z2 + (1− z)2] ln( (1− z)2
z
)
+ 2z(1− z). (39)
Although Eqs.(33,38) are written for µ = MW , the full scale dependence can be easily restored using renormalization-
group arguments.
V. MIXED QCD-EW CORRECTIONS AT NEXT-TO-NEXT-TO-LEADING ORDER: DERIVATION
The purpose of this section is to describe the computation of all the relevant contributions to mixed QCD-electroweak
corrections. At this order, five partonic channels (qq¯′, gq, γq, γg, qq′) contribute. In this section, we focus on the first
two channels. The reason for this is that the γq channel can be obtained with manipulations similar (but simpler) to
the ones for the gq channel. The γg and qq′ channels can readily be obtained by a simple abelianization [32] of the
QCD result [12, 45]. For completeness, we will present final formulas for all the channels in the next section.
This section is organized as follows: in Section VA we discuss in detail the double-real contribution to the qq¯′ channel,
the most challenging part of the calculation. In Section VB we briefly explain how to derive all the other required
contributions for the qq¯′ channel. Finally, in Section VC we discuss the gq channel.
A. The qq¯′ channel: double-real contribution
To illustrate the main differences with respect to the earlier NNLO QCD computations [12, 45], we consider a
real-emission process u(p1) + d¯(p2) → W+f1(p4)f2(p5) and explain how to construct subtraction terms and how to
integrate them over unresolved phase spaces. As mentioned earlier, we work in an arbitrary reference frame. In
principle, we need to consider two options: either (f1, f2) = (g, γ) or (f1, f2) = (q, q¯). However, the singularity
structure of the second contribution is very simple: since at O(αsαEW ) the two-quark final states only contribute
through a s- and t-channel interference (see Fig. 1) the matrix element is only singular in triple collinear configurations
p4||p5||pi, i = 1, 2. These configurations can be dealt with by abelianizing the corresponding QCD result [12, 45]. For
this reason, we do not discuss it here and focus our attention on the (f1, f2) = (g, γ) final state.
We write the cross section for the partonic sub-process u(p1) + d¯(p2)→W+ + g(p4) + γ(p5) as follows
2s · dσgγRR =
∫
[dp4][dp5]FLM(1u, 2d¯ ; 4g, 5γ) = 〈FLM(1u, 2d¯ ; 4g, 5γ)〉. (40)
10
Figure 1: Two-quark final state contribution to the qq¯′ channel. In both Feynman graphs, the internal vector boson can be
either a gluon or a γ/W/Z. Left: representative of s-channel diagram. Right: representative of t-channel diagram. Because of
color conservation, only the s/t interference leads to a non-vanishing contribution at O(αsαEW ).
As discussed in Section II, we do not order gluon and photon energies since there are no entangled singularities in the
kinematic limit when both of these particles become soft.
Similar to the NNLO QCD case, we first isolate soft singularities. We write
〈FLM(1u, 2d¯; 4g, 5γ)〉 = 〈SγSg FLM(1u, 2d¯ ; 4g, 5γ)〉
+ 〈((I − Sg)Sγ + (I − Sγ)Sg) FLM(1u, 2d¯ ; 4g, 5γ)〉
+ 〈(I − Sγ)(I − Sg)FLM(1u, 2d¯ ; 4g, 5γ)〉.
(41)
The different terms appearing on the right-hand side in Eq.(41) are split according to their type. The first term
∼ SγSg is the double-soft contribution where both the gluon and the photon decouple from the rest of the process.
The second group of terms proportional to Sγ(I − Sg) and Sg(I − Sγ) describes cases where one of the two massless
gauge bosons (a photon or a gluon) is soft and the other one is hard (i.e. soft-regulated). The third term on the
right-hand side of Eq.(41) describes a contribution where all soft singularities are regulated.
We can use the integrals of the eikonal functions discussed in Section III to compute the relevant integrated soft-
subtraction terms. The double-soft contribution reads
〈SγSgFLM(1u, 2d¯ ; 4g, 5γ)〉 = [α][αs](2Emax)−4
(
Γ2(1− )
Γ(1− 2)
)2
2CF
2
〈J˜γ(E1, E2)FLM(1u, 2d¯)〉. (42)
The case when the gluon is soft but the photon is regulated is described by the following formula
〈Sg(I − Sγ)FLM(1u, 2d¯ ; 4g, 5γ)〉 = [αs]
2CF
2
Γ2(1− )
Γ(1− 2) (2Emax)
−2 〈(I − Sγ)FLM(1u, 2d ; 5γ)〉. (43)
The function 〈(I−Sγ)FLM(1u, 2d ; 5γ)〉 in Eq.(43) contains collinear divergences that arise when the photon is emitted
along the directions of incoming quarks. They can be extracted following the discussion of NLO QED corrections
to u + d¯ → W+ in the previous section. Note that at this stage we already benefit from the fact that the energies
of gluons and photons in soft limits are not correlated; compared to the QCD case, this simplifies the calculation
considerably. We find the fully-regulated result
〈Sg(I − Sγ)FLM(1u, 2d; 5γ)〉 = [αs] 2CF
2
Γ2(1− )
Γ(1− 2) (2Emax)
−2
{
〈OγNLO [FLM(1u, 2d¯ ; 5γ)]〉
− [α] Γ
2(1− )
Γ(1− 2)
1∫
0
dz
2∑
i=1
Q2i (2Ei)
−2PNLOqq (z, Li)
〈
F
(i)
LM (1u, 2d¯ | z)
〉}
.
(44)
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Next, we discuss the soft-photon contribution. We write
〈Sγ(I − Sg)FLM(1u, 2d¯; 4g, 5γ〉 = [α](2Emax)−2
Γ2(1− )
Γ(1− 2) 〈(I − Sg)Jγ(1, 2,W ) FLM (1u, 2d¯; 4g)〉
= [α](2Emax)
−2 Γ
2(1− )
Γ(1− 2)
{
〈OgNLO [Jγ(1, 2,W ) FLM (1u, 2d¯; 4g)]〉
+
2∑
i=1
〈Cgi(I − Sg)Jγ(1, 2,W )FLM (1u, 2d¯ ; 4g)〉
}
,
(45)
where OgNLO = (I − Sg)(I − Cg1 − Cg2).
The calculation of the soft-subtracted collinear gluon contribution proceeds in full analogy with the NLO QED case
discussed in Section III. The only difference is the presence of the soft-photon factor Jγ(1, 2,W ). It is easy to see,
however, that this factor turns into J˜γ(zE1, E2) if the collinear limit p4||p1 is considered and into J˜γ(E1, zE2) if the
collinear limit p4||p2 is considered. We thus obtain
〈Sγ(I − Sg)FLM(1u, 2d¯ ; 4g, 5γ〉 = [α](2Emax)−2
Γ2(1− )
Γ(1− 2) 〈(I − Sg)Jγ(1, 2,W ) FLM (1u, 2d¯ ; 4g)〉
= [α](2Emax)
−2 Γ
2(1− )
Γ(1− 2)
{
〈OgNLO [Jγ(1, 2,W ) FLM (1u, 2d¯ ; 4g)]〉
− [αs]CF

Γ2(1− )
Γ(1− 2)
1∫
0
dz
2∑
i=1
(2Ei)
−2PNLOqq (z, Li) J˜
(i)
γ (E1, E2 | z)
〈
F
(i)
LM (1u, 2d¯ | z)
〉}
,
(46)
where, similar to Eq.(28), we used the notation
J˜ (i)γ (E1, E2 | z) =
{
J˜γ(zE1, E2), i = 1,
J˜γ(E1, zE2), i = 2.
(47)
Eqs.(44,46) provide fully-regulated results for single-soft gluon/photon contributions. It remains to consider the term
〈(I − Sg)(I − Sγ)FLM(1u, 2d¯; 4g, 5γ)〉 in Eq.(41) where both soft-photon and soft-gluon singularities are regulated.
This soft-regulated contribution possesses collinear singularities that need to be extracted. We do that following the
NNLO QCD computations [12, 45] but we make use of the peculiarities of mixed QCD-EW correction to simplify
their treatment significantly.
Indeed, similar to the QCD case, we deal with collinear singularities by introducing partition functions that select a
subset of all the possible collinear configurations. We write
1 = ωγ1,g1 + ωγ2,g2 + ωγ1,g2 + ωγ2,g1, (48)
and note that partition functions are constructed in such a way that ωγi,gjFLM(1u, 2d¯; 4g, 5γ) develops collinear
singularities if and only if a photon is collinear to parton i and/or a gluon is collinear to parton j. This is possible
because no singularities appear when a photon is collinear to a gluon.
The first two contributions in Eq.(48) contain triple-collinear singularities and, for this reason, require further par-
titioning [12, 45]. This is done by introducing sectors that order the gluon and photon emission angles relative to a
particular collinear direction. We therefore write
ωγ1,g1 = ωγ1,g1 (θA + θB) ,
ωγ2,g2 = ωγ2,g2 (θA + θB) .
(49)
The two sectors A and B are defined in the following way. In the partition described by the function ωγi,gi the gluon
and photon emission angles are ordered as
sector A : θgi < θγi, sector B : θγi < θgi. (50)
The full partitioning of the phase space becomes
1 = ωγ1,g1 (θA + θB) + ω
γ2,g2 (θA + θB) + ω
γ1,g2 + ωγ2,g1. (51)
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We can now insert collinear projection operators in relevant places taking into account the ordering of angles in sectors
A and B, see Refs. [12, 45] for details. We find the modified partition of unity
1 = Ξqq¯ = Ξqq¯1 + Ξ
qq¯
2 + Ξ
qq¯
3 + Ξ
qq¯
4 , (52)
where the different Ξqq¯-operators read6
Ξqq¯1 = (I − Cγg,1)(I − Cg1)ωγ1,g1θA + (I − Cγg,1)(I − Cγ1)ωγ1,g1θB + (I − Cγg,2)(I − Cg2)ωγ2,g2θA
+ (I − Cγg,2)(I − Cγ2)ωγ2,g2θB + (I − Cg2)(I − Cγ1)ωγ1,g2 + (I − Cg1)(I − Cγ2)ωγ2,g1,
Ξqq¯2 = Cγg,1(I − Cg1)ωγ1,g1θA + Cγg,1(I − Cγ1)ωγ1,g1θB + Cγg,2(I − Cg2)ωγ2,g2θA + Cγg,2(I − Cγ2)ωγ2,g2θB ,
Ξqq¯3 = − Cg2Cγ1ωγ1,g2 − Cγ2Cg1ωγ2,g1,
Ξqq¯4 = Cg1
[
ωγ1,g1θA + ω
γ2,g1
]
+ Cγ1
[
ωγ1,g1θB + ω
γ1,g2
]
+ Cg2
[
ωγ2,g2θA + ω
γ1,g2
]
+ Cγ2
[
ωγ2,g2θB + ω
γ2,g1
]
.
(53)
We then re-write the soft-regulated contribution in Eq.(41) in the following way
〈(I − Sg)(I − Sγ)FLM(1u, 2d¯; 4g, 5γ)〉 = 〈(I − Sg)(I − Sγ) Ξqq¯ FLM(1u, 2d¯ ; 4g, 5γ)〉
=
4∑
i
〈(I − Sg)(I − Sγ) Ξqq¯i FLM(1u, 2d¯ ; 4g, 5γ)〉.
(54)
Among the four contributions that appear on the right hand side in Eq.(54), the one proportional to Ξqq¯1 is the
fully-regulated one. We compute it numerically in four dimensions. The Ξqq¯2 term describes a triple-collinear singular
contribution which can be computed following the discussion in Ref. [51]. We note that, because of the different phase-
space partition adopted here, the triple-collinear contribution required here is not identical to the one computed in
Ref. [51]. Further details about the computation are given in Appendix E. The result reads
〈(I − Sγ)(I − Sg)Ξqq¯2 FLM(1u, 2d¯; 4g, 5γ)〉 = −2[α][αs]CF
1∫
0
dzP trcqq (z)
2∑
i=1
(2Ei)
−4Q2i
〈
F
(i)
LM(1u, 2d¯ | z)
〉
, (55)
where
P trcqq (z) =
1

(
3
2
(1− z) + z ln(z) + 3 + z
2
4(1− z) ln
2(z)
)
+
(
11
2
− 6 ln(1− z)
)
(1− z)− 2pi
2z
3
− z
2
ln2(z)
− (19 + 9z
2)
12(1− z) ln
3(z) + 4zLi2(z)−
(
z +
pi2(5 + 3z2)
3(1− z) +
2(1 + z2)
1− z Li2(z)
)
ln(z) +
2(5 + 3z2)
1− z (Li3(z)− ζ3) .
(56)
The two contributions in Eq.(54) that require further action are the ones proportional to Ξqq¯3,4. These contributions
are computed in a way which is similar to the NNLO QCD case except for the required modifications of sectors and
for the fact that in our case the soft subtractions are done independently for a gluon and a photon.
For definiteness, we now explicitly specify the partition functions
ωγ1,g1 =
ργ2ρg2
4
, ωγ2,g2 =
ργ1ρg1
4
, ωγ1,g2 =
ργ2ρg1
4
, ωγ2,g1 =
ργ1ρg2
4
, (57)
where ρij = pi · pj/(EiEj), and focus first on the contribution to Eq.(54) proportional to Ξqq¯3 . It describes singular
emissions of a photon and a gluon collinear to opposite directions, and reads
〈(I − Sg)(I − Sγ)Ξqq¯3 FLM(1u, 2d¯ ; 4g, 5γ)〉 =
− 〈(I − Sg)(I − Sγ)
(
Cg2Cγ1ω
γ1,g2 + Cγ2Cg1ω
γ2,g1
)
FLM(1u, 2d¯ ; 4g, 5γ)〉.
(58)
6 As explained in Refs. [12, 45], there is some freedom in the definition of the collinear operators Ci. In particular, one can decide whether
they should act only on the matrix element and momentum-conserving δ function or if they should also modify the unresolved phase
space. In this paper, we make the same choice we did in Ref. [12]: all triple-collinear operators Cγg,i in Eq.(53) do not modify the
unresolved phase space, while all the double collinear operators do act on it, see Ref. [12] for details.
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Proceeding as in the NNLO QCD case [12, 45], we obtain
〈(I − Sγ)(I − Sg)Ξqq¯3 FLM(1u, 2d¯; 4g, 5γ)〉 =
− [α][αs] (Q
2
u +Q
2
d)CF
2
(2E1)
−2(2E2)−2
1∫
0
dz1dz2P
NLO
qq (z1, L1)P
NLO
qq (z2, L2)
〈
FLM(z1 · 1u, z2 · 2d¯)
z1z2
〉
,
(59)
where the splitting function PNLOqq is defined in Eq.(26), see also Appendix C.
Next, we consider single collinear limits described by the operator Ξqq¯4 . The corresponding contribution reads
〈(I − Sγ)(I − Sg)Ξqq¯4 FLM(1u, 2d¯; 4g, 5γ)〉 =
∑
α∈{γ,g},i∈{1,2}
〈(I − Sγ)(I − Sg)CαiΩαiFLM(1u, 2d¯ ; 4g, 5γ)〉, (60)
where the various quantities Ωαi can be deduced from Eq.(53). Again, proceeding as in the NNLO QCD case [12, 45],
we obtain the following result for one of the four terms〈
Cg1
(
ωγ1,g1θA + ω
γ2,g1
)
(I − Sg)(I − Sγ)FLM(1u, 2d¯ ; 4g, 5γ)
〉
=
− [αs]CF

OγNLO
(2E1)−2 1∫
0
dz PNLOqq (z, L1)
〈
FLM(z · 1u, 2d¯ ; 5γ)
z
{
ργ2
2
(ργ1
2
)−
+
ρ1γ
2
}〉
+
[αs][α]CFQ
2
u
22
Γ(1− 2)Γ(1− )
Γ(1− 3) (2E1)
−4
1∫
0
dz
[
PNLOqq ⊗ PNLOqq
]
(z, E1)
〈
FLM(z · 1u, 2d¯)
z
〉
+
[αs][α]CFQ
2
d
22
Γ2(1− )
Γ(1− 2) (2E1)
−2(2E2)−2
1∫
0
dz1 dz2 P
NLO
qq (z1, L1) P
NLO
qq (z2, L2)
〈
FLM(z1 · 1u, z2 · 2d¯)
z1z2
〉
.
(61)
The splitting function
[
PNLOqq ⊗ PNLOqq
]
(z, E1) that appears in Eq.(61) is defined as follows
[
PNLOqq ⊗ PNLOqq
]
(z, E1) =
1∫
0
dz1dz2 z
−2
1 P
NLO
qq (z1, L1)P
NLO
qq (z2, L1z1)δ(z − z1z2), (62)
where L1z = ln(Emax/(E1z1)). It can be written as[
PNLOqq ⊗ PNLOqq
]
(z, E1) = [Pqq ⊗ Pqq]abRR (z)−
1

(
1− e−2L1)(PNLOqq (z)− 1 δ(1− z)e−2L1
)
− 1
2
e−2L1
(
1− e−2L1) δ(1− z), (63)
where [Pqq ⊗ Pqq]abRR can be obtained from Eq.(A.18) of Ref. [45] by setting CF → 1.
The remaining three contributions to Ξqq¯4 can be analyzed in a similar manner; the results can be obtained from
Eq.(61) with a few natural replacements. We find
〈(I − Sg)(I − Sγ)Ξqq¯4 FLM(1u, 2d¯; 4g, 5γ)〉 =
− 1

2∑
i=1
1∫
0
dz (2Ei)
−2PNLOqq (z, Li)
〈
[αs]CFOγNLO
[
F iLM(1u, 2d¯; 5γ |z)∆γi
]
+ [α]Q2iOgNLO
[
F iLM(1u, 2d¯; 4g|z)∆gi
]〉
+
[αs][α]CF
2
{
Γ(1− 2)Γ(1− )
Γ(1− 3)
2∑
i=1
1∫
0
dz Q2i (2Ei)
−4 [PNLOqq ⊗ PNLOqq ] (z, Ei)〈F (i)LM(1u, 2d¯ | z)〉 (64)
+ (Q2u +Q
2
d)
Γ2(1− )
Γ(1− 2)
〈
(2E1)
−2(2E2)−2
1∫
0
dz1 P
NLO
qq (z1, L1)
1∫
0
dz2 P
NLO
qq (z2, L2)
FLM(z1 · 1u, z2 · 2d¯)
z1z2
〉}
,
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where the functions ∆γ(g)i are defined as follows
∆xi =
ρxj
2
(ρxi
2
)−
+
ρxi
2
, j ∈ {1, 2} 6= i. (65)
The final result for the differential cross section of the process u¯ + d → W+gγ is obtained by summing Eqs.(42,44,
46,55,59,64) and the fully regulated contribution 〈(I−Sg)(I−Sγ)Ξqq¯1 FLM(1u, 2d¯; 4g, 5γ)〉 that is computed numerically.
B. The qq¯′ channel: other contributions
Apart from the double-real contribution discussed in the previous sub-section, the other contributions that are required
for the mixed QCD-EW calculation are the so-called double-virtual and real-virtual corrections, as well as collinear
renormalization counterterms. The structure of virtual corrections is discussed in Appendix A. In this section, we
consider the real-virtual and PDFs renormalization contributions.
Real-virtual corrections to the u + d¯ → W+ process account for one-loop corrections to processes with W+g and
W+γ final states produced in ud¯ annihilation. It is straightforward to analyze these contributions since for both
cases the structure of soft and collinear singularities is very similar to that of a NLO calculation and, for this reason,
the construction of subtraction terms is less complicated than for the double-real case discussed in the previous sub-
section. For mixed QCD-EW corrections the situation is, in fact, simpler than in QCD because soft limits for both the
ud¯→W+ +γ and ud¯→W+ + g processes are not affected by loop corrections. The regularization of soft divergences
is then identical to the NLO case discussed in Section IV (soft-photon emission) and in Refs. [12, 45] (soft-gluon
emission). The regularization of collinear singularities is identical to the NNLO QCD case. The only point that
requires additional care is the abelianization of the one-loop QCD collinear splitting function and the replacement
CF → Q2u,d where appropriate. The result for the Wγ final state reads
2s · dσγRV = [α](2Emax)−2
Γ2(1− )
Γ(1− 2) 〈J˜γ(E1, E2)F
QCD
LV (1u, 2d¯)〉+
〈
OγNLO
[
FQCDLV (1u, 2d¯ ; 4γ)
]〉
− [α]

Γ2(1− )
Γ(1− 2)
1∫
0
dz
2∑
i=1
(2Ei)
−2Q2iP
NLO
qq (z, Li)
〈
F
(i),QCD
LV (1u, 2d¯ | z)
〉
+
[α][αs]CF

Γ(1− )4Γ(1 + )
Γ(1− 3)
1∫
0
dz PRVqq (z)
2∑
i=1
(2Ei)
−4Q2i
〈
F
(i)
LM(1u, 2d¯ | z)
〉
,
(66)
with PRVqq defined in Appendix C, while the result for the Wg final state is
2s · dσgRV = [αs](2Emax)−2
Γ2(1− )
Γ(1− 2)
2CF
2
〈
FEWLV (1u, 2d¯)〉+ 〈OgNLO
[
FEWLV (1u, 2d¯ ; 4g)
]〉
− [αs]CF

Γ2(1− )
Γ(1− 2)
1∫
0
dz
2∑
i=1
(2Ei)
−2PNLOqq (z, Li)
〈
F
(i),EW
LV (1u, 2d¯ |z )
〉
+
[α][αs]CF

Γ(1− )4Γ(1 + )
Γ(1− 3)
1∫
0
dz PRVqq (z)
2∑
i=1
(2Ei)
−4Q2i
〈
F
(i)
LM(1u, 2d¯ |z )
〉
.
(67)
The one-loop contributions FQCD/EWLV are defined in Appendix A.
The PDFs renormalization contribution is obtained by computing convolutions of parton distribution functions with
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lower-order cross sections. Following the steps described in Refs. [12, 45], we obtain
2s · dσpdf = 2[α(µ)][αs(µ)]
{
− (Q
2
u +Qd)
2CF
22
1∫
0
dz1dz2 P¯
AP,0
qq (z1) P¯
AP,0
qq (z2)
〈
FLM(z1 · 1u, z2 · 2d¯)
z1z2
〉
− CF
22
2∑
i=1
Q2i
1∫
0
dz
[
P¯AP,0qq ⊗ P¯AP,0qq
]
(z)
〈
F
(i)
LM(1u, 2d¯ |z )
〉}
+
2s

{
CF [αs(µ)]
(
P¯AP,0qq ⊗ dσEWNLO,qq¯′
+ dσEWNLO,qq¯′ ⊗ P¯AP,0qq
)
+ [α(µ)]
(
Q2u P¯
AP,0
qq ⊗ dσQCDNLO,qq¯′ +Q2d dσQCDNLO,qq¯′ ⊗ P¯AP,0qq
)}
+
[α(µ)][αs(µ)]CF

1∫
0
dz P¯AP,1qq (z)
∑
Q2i
〈
F
(i)
LM(1u, 2d¯ |z )
〉
,
(68)
where [α(µ)] and [αs(µ)] are the renormalized coupling constants defined in Eq.(29) and “⊗” denotes the standard
convolution product. The splitting functions and their convolutions in Eq.(68) can be found in Appendices C,D.
The NLO electroweak cross section dσEWNLO,qq¯′ is given in Eq.(33), while its QCD equivalent dσ
QCD
NLO,qq¯′ can be found
in [12, 45].
C. The gluon-quark channel
We now turn to the discussion of the gluon-quark channel. For definiteness, we focus on the process g+d¯→W++u¯. To
compute the mixed QCD-EW corrections to pp→W+ arising from this partonic channel, we require the real-emission
contribution g(p1) + d¯(p2)→W+ + u¯(p4) + γ(p5), virtual electroweak corrections to g(p1) + d¯(p2)→W+ + u¯(p4), as
well as collinear renormalization.
We begin with the real-emission process g + d¯→W+ + u¯+ γ and write its cross section as
2s · dσRRgq = 〈FLM(1g, 2d¯ ; 4u¯, 5γ)〉. (69)
A soft singularity can only be caused by a photon. We write
〈FLM(1g, 2d¯ ; 4u¯5γ)〉 = 〈Sγ FLM(1g, 2d¯ ; 4u¯, 5γ)〉+ 〈(I − Sγ)FLM(1g, 2d¯ ; 4u¯, 5γ)〉
= [α](2Emax)
−2 Γ
2(1− )
Γ(1− 2) 〈Jγ(2, 4,W ) FLM(1g, 2d¯ ; 4u¯)〉+ 〈(I − Sγ)FLM(1g, 2d¯ ; 4u¯, 5γ)〉.
(70)
The integrated photon eikonal function Jγ(2, 4,W ) is defined in Eq.(14). The single-soft piece in Eq.(70) requires an
additional collinear subtraction; the collinear singularity occurs when the outgoing antiquark becomes collinear to the
incoming gluon. We write
〈Jγ(2, 4,W ) FLM(1g, 2d¯; 4u¯)〉 = 〈Ou¯NLO [Jγ(2, 4,W ) FLM(1g, 2d¯; 4u¯)]〉+ 〈C41Jγ(2, 4,W ) FLM(1g, 2d¯; 4u¯)〉, (71)
where Ou¯NLO = I−C41. To compute the contribution proportional to C41, we note that C41Jγ(2, 4,W ) = J˜γ(zE1, E2)
where z = (E1 − E4)/E1 and J˜γ(E1, E2) is given in Eq.(17).
Repeating the NLO QED computation of Section IV, we find that the soft-photon contribution is given by
〈Sγ FLM(1g, 2d¯; 4u¯, 5γ)〉 = [α](2Emax)−2
Γ2(1− )
Γ(1− 2)
[
Ou¯NLO [〈Jγ(2, 4,W ) FLM(1g, 2d¯; 4u¯)〉]
− [αs]TR

Γ2(1− )
Γ(1− 2)
〈
(2E1)
−2
1∫
0
dz PNLOqg (z) J˜γ(zE1, E2)
FLM(z · 1u, 2d¯)
z
〉]
,
(72)
where PNLOqg (z) is defined in Eq.(37).
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The soft-subtracted contribution in Eq.(70) 〈(I−Sγ)FLM(1g, 2d¯ ; 4u¯, 5γ)〉 needs to be further analyzed since it contains
collinear divergences. Since the final state antiquark u¯ can only develop a collinear singularity when its momentum is
along the momentum of the incoming gluon, we only need to introduce partition functions for the photon. We write
1 = ω2γ + ω4γ , (73)
where
ω2γ =
ρ4γ
ρ2γ + ρ4γ
, ω4γ =
ρ2γ
ρ2γ + ρ4γ
. (74)
We now rewrite Eq.(73) by introducing different collinear projection operators for different partition functions. We
note that we have to introduce the same four sectors as in the NNLO QCD case to order the angles of the photon
and of the up antiquark. We find
1 = Ξgq1 + Ξ
gq
2 + Ξ
gq
3 + Ξ
gq
4 , (75)
where7
Ξgq1 = (I − C2γ)(I − C41)ω2γ + θC(I − C14γ)(I − C41)ω4γ + θB(I − C14γ)(I − C4γ)ω4γ
+ θA(I − C14γ)ω4γ + θD(I − C14γ)(I − C4γ)ω4γ ,
Ξgq2 = θCC14γ(I − C41)ω4γ + θBC14γ(I − C4γ)ω4γ + θAC14γω4γ + θDC14γ(I − C4γ)ω4γ ,
Ξgq3 = −C2γC41ω2γ ,
Ξgq4 = C2γω
2γ + C41
(
θCω
4γ + ω2γ
)
+ θBC4γω
4γ + θDC4γω
4γ .
(76)
As we mentioned, the four angular-ordered sectors θA,...,D are identical to the NNLO QCD case. We refer the reader
to [12, 45] for their explicit definition.
Using the partition of unity Eq.(75) in Eq.(70), we write the soft-subtracted terms as
〈(I − Sγ)FLM(1g, 2d¯; 4u¯, 5γ)〉 =
4∑
i=1
〈(I − Sγ)Ξgqi FLM(1g, 2d¯; 4u¯, 5γ)〉. (77)
The different terms in Eq.(76) have the following meaning. The term proportional to Ξgq1 is fully regulated and can
be computed numerically in four dimensions. The term proportional to Ξgq2 is the triple-collinear subtraction term;
Ξgq3 describes collinear emissions of a photon and an up antiquark in opposite directions and Ξ
gq
4 describes the various
single-collinear subtraction terms.
We start by discussing the triple-collinear contribution. Since the triple-collinear subtraction term is independent of
the partition and since for the gq channel we use the same phase-space parametrization as for the NNLO QCD case,
the result for the integrated triple-collinear subtraction term can be borrowed from the NNLO QCD results reported
in Ref. [51]. We find
〈(I − Sγ)Ξgq2 FLM(1g, 2d¯; 4u¯, 5γ)〉 =
[αs][α]TRQ
2
u

(2E1)
−4
1∫
0
dz P trcqg (z, E1)
FLM(z · 1u, 2d¯)
z
, (78)
where the integrated triple-collinear subtraction term is given in Eq.(C10). We note that, similarly to what we did
for PNLOqg , we have included in P trcqg a factor 1/(1 − ) to account for the different initial state in the FLM structures
in the left- and right- hand sides of Eq.(78).
The double-collinear contribution is straightforward to compute. We find
〈(I − Sγ)Ξgq3 FLM(1g, 2d¯ ; 4u¯, 5γ)〉 = −〈(I − Sγ)C2γC41ω2γFLM(1g, 2d¯ ; 4u¯, 5γ)〉
= − [α][αs]Q
2
dTR
2
(2E1)
−2(2E2)−2
1∫
0
dz1dz2P
NLO
qg (z1)P
NLO
qq (z2)
〈
FLM(z1 · 1u, z2 · 2d¯)
z1z2
〉
.
(79)
7 As for the qq¯′ channel, all double-collinear operators in Ξgqi also act on the unresolved phase space, while the triple-collinear operators
do not. See Ref. [12] for details.
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The last contribution is the single-collinear one, proportional to Ξgq4 . It reads
〈(I − Sγ)Ξgq4 FLM(1g, 2d¯; 4u¯, 5γ)〉 = 〈(I − Sγ)
(
C2γω
2γ + C41
(
θCω
4γ + ω2γ
))
FLM(1g, 2d¯; 4u¯, 5γ)〉.
+〈(I − Sγ)
(
θBC4γω
4γ + θDC4γω
4γ
)
FLM(1g, 2d¯; 4u¯, 5γ)〉.
(80)
The computation proceeds in full analogy with the QCD case. For completeness, we present results for the various
contributions to Eq.(80). We start with the term proportional to C2γ in Eq.(80). It reads
〈(I − Sγ)C2γω2γFLM(1g, 2d¯; 4u¯, 5γ)〉 = −
Q2d[α]

(2E2)
−2
1∫
0
dzPNLOqq (z)
〈
FLM(1g, z · 2d¯; 4u¯)
z
〉
=
− Q
2
d[α]

(2E2)
−2
1∫
0
dz PNLOqq (z, L2)
〈
Ou¯NLO
[
FLM(1g, z · 2d¯; 4u¯)
z
]〉
+
[α][αs]Q
2
dTR
2
Γ(2(1− )
Γ(1− 2) (2E1)
−2(2E2)−2
1∫
0
dz1 dz2 P
NLO
qg (z1) P
NLO
qq (z2, L2)
〈
FLM(z1 · 1u, z2 · 2d¯)
z1z2
〉
.
(81)
Next, we consider the term proportional to C41(ω2γ + θCω4γ). Since C41ω2γ = ρ1γ/2, we find
〈(I − Sγ)C41ω2γFLM(1g, 2d¯; 4u¯, 5γ)〉 =
− [αs]TR

(2E1)
−2
1∫
0
dzPNLOqg (z)
〈
(I − Sγ)
[
ρ1γ
2
FLM(z · 1u, 2d¯; 5γ)
z
]〉
=
− [αs]TR

(2E1)
−2
1∫
0
dzPNLOqg (z)
〈
OγNLO
[
ρ1γ
2
FLM(z11u, 2d¯; 5γ)
z
]〉
+
[αs][α]TRQ
2
d
2
Γ2(1− 2)
Γ(1− 2) (2E1)
−2(2E2)−2
1∫
0
dz1dz2P
NLO
qg (z1)P
NLO
qq (z2, L2)
〈
FLM(z1 · 1u, z2 · 2d¯)
z
〉
.
(82)
The second contribution to C41(ω2γ + θCω4γ) is proportional to C41ω4γθC = θC ργ2/2 C41. We obtain
〈(I − Sγ)C41ω4γθCFLM(1g, 2d¯ ; 4u¯, 5γ)〉 =
− [αs]TR

(2E1)
−2
1∫
0
dz PNLOqg (z)
〈
(I − Sγ)
[
ρ2γ
2
(ρ1γ
4
)− FLM(z · 1u, 2d¯ ; 5γ)
z
]〉
=
− [αs]TR

(2E1)
−2
1∫
0
dz PNLOqg (z)
〈
OγNLO
[
ρ2γ
2
(ρ1γ
4
)− FLM(z · 1u, 2d¯ ; 5γ)
z
]〉
+
[αs]TRQ
2
u2
[α]
22
Γ(1− 2)Γ(1− )
Γ(1− 3) (2E1)
−4
1∫
0
dz
[
PNLOqq ⊗ PNLOqg
]
(z, E1)
〈
FLM(z · 1u, 2d¯)
z
〉
.
(83)
The convolution in Eq.(83) is defined as
[
PNLOqq ⊗ PNLOqg
]
(z, E1) =
1∫
0
dz1dzγδ(z − z1zγ)PNLOqg (z1) z−21 PNLOqq (zγ , L1γ), (84)
where L1γ = ln (E1/(Emaxzγ)). The result for this convolution is given in Eq.(C6).
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The last contribution to Ξgq4 is proportional to C4γ ; it describes collinear splitting in the final state; the result can be
borrowed from existing NNLO QCD computations. We find
〈
(I − Sγ)C4γ (θB + θD)ω4γFLM(1g, 2d¯; 4u¯, 5γ)
〉
= −Q
2
u[α]

22Γ(1− )Γ(1 + 2)
Γ(1 + )
×〈
Ou¯NLO
[
(2E4)
−2γ¯qg(E4, Emax)η−41 (1− η41)FLM(1g, 2d¯; 4u¯)
]〉
+
[α][αs]TR2
2Γ2(1− )Γ(1 + 2)Γ(1− 2)
22Γ(1 + )Γ(1− 3) ×
(2E1)
−4Q2u
1∫
0
dz PNLOqg (z)(1− z)−2γ¯qg
(
(1− z)E1, Emax
)〈FLM(z · 1u, 2d¯)
z
〉
,
(85)
where ηij = pi · pj/(2EiEj) = (1− cos θij)/2, and
γ¯qg(E,Emax) = − (2− 5+ 
2)
2(1− 4)
Γ2(1− 2)
Γ(1− 4) +
1

(
Emax
E
)−2
. (86)
To complete the computation of mixed QCD-EW corrections to the g + d¯ → W+ + u¯ channel, we need to account
for one-loop virtual QED corrections. As for the qq¯′ channel discussed earlier, the result can be easily obtained by
abelianizing the NNLO QCD result [12, 45]. We do not go into further details and just quote the result
2s · dσRV,gq = 〈FEWLV (1g, 2d¯; 4u)〉 =
〈
Ou¯NLO
[
FEWLV (1g, 2d¯; 4u¯)
]〉
− [αs]TR
(1− )
Γ2(1− )
Γ(1− 2) (2E1)
−2
1∫
0
dz PNLOqg (z)
〈
FEWLV (z · 1u, 2d¯)
z
〉
+
[αs][α]TRQ
2
uΓ(1− 2)Γ(1− )
2Γ(1− 3) (2E1)
−4
1∫
0
dz PRVqg (z)
〈
FLM(z · 1u, 2d¯)
z
〉
.
(87)
The splitting function PRVqg (z) is given in Eq.(C5), and the various one-loop contributions FEWLV are discussed in
Appendix A.
The last ingredient that is required for this channel is the PDFs renormalization. It can be easily obtained from the
NNLO QCD result [12, 45] with obvious modifications. The result is given by the following formula
2s · dσpdf,gq = [α(µ)][αs(µ)]
{
− Q
2
dTR
2
1∫
0
dz1dz2 P¯
AP,0
qg (z1) P¯
APs,0
qq (z2)
FLM(z1 · 1u, z2 · 2d¯)
z1z2
+
Q2uTR
2
1∫
0
dz P¯AP,1qg (z)
FLM(z · 1u, 2d¯)
z
− Q
2
uTR
22
1∫
0
dz
[
P¯AP,0qq ⊗ P¯AP,0qg
]
(z)
FLM(z · p1, p2)
z
}
+
2s

{
[α(µ)]Q2d dσ
QCD
NLO,gq ⊗ P¯AP,0qq + [αs(µ)]TR P¯AP,0qg ⊗ dσEWNLO,qq¯′
}
,
(88)
where “⊗” stands for the standard convolution product and the various (color-stripped) Altarelli-Parisi splitting
functions P¯AP,nij and their convolutions can be found in [12, 45] for the QCD part and in Appendices C,D for the
electroweak part.
VI. MIXED QCD-EW CORRECTIONS AT NEXT-TO-NEXT-TO-LEADING ORDER: ANALYTIC
RESULTS FOR THE FULLY DIFFERENTIAL CALCULATION IN ALL PARTONIC CHANNELS
To obtain mixed QCD-EW correction to the u + d¯ → W+ process, we need to combine the two-loop virtual, real-
virtual, and real-real corrections as well as the collinear renormalization contributions for all the different partonic
19
channels. Each of these contributions is regulated by constructing subtraction terms as we have explained in the
previous sections. In this section, we present the finite remainders for all the different partonic channels.
As we have explained in previous sections, our calculation is performed in a generic reference frame and with arbitrary
Emax. We have explicitly checked that the cancellation of infra-red and ultraviolet poles occurs in an arbitrary reference
frame and for generic Emax. However, for the sake of simplicity in this section we present results in the center-of-mass
frame of the colliding partons and choose Emax = E1 = E2. We will denote the center-of-mass collision energy as 2Ec
so that E1 = E2 = Ec. We also set µ = MW ; using renormalization-group arguments, it is straightforward to obtain
results for different choices of µ.
For convenience we summarize the notation that we will use when presenting our results. We define
Lc = ln (2Ec/MW ) , β =
√
1−M2W /E2W , κiw =
pi · pW
EiEW
, ηij =
ρij
2
=
pi · pj
2EiEj
=
1− cos θij
2
, sij = 2pi ·pj . (89)
In the (generalized) splitting functions, we also use
Di(z) =
[
lni(1− z)
1− z
]
+
. (90)
We express our results in terms of the MS-renormalized strong coupling constant αs(µ). We denote by αEW the
electromagnetic coupling constant in the Gµ scheme. The LO (color-stripped) Altarelli-Parisi splitting functions
without the elastic piece P¯AP,0ij,R are defined in Appendix D. The splitting function describing the NLO finite remainders
are defined as
PNLOqq = 4D1(z)− 2(1 + z) ln(1− z) + (1− z)−
1 + z2
1− z ln z,
PNLOqg (z) =
[
z2 + (1− z)2] ln( (1− z)2
z
)
+ 2z(1− z),
(91)
see Sect. IV. We also find it convenient to introduce a slight generalization of these equations
P˜NLOqq (z, Ec) = 4D1(z)− 2(1 + z) ln(1− z) + (1− z) + 2 ln
(
2Ec
MW
)[
2D0(z)− (1 + z)
]
,
P˜NLOqg (z, Ec) = 2
[
z2 + (1− z)2] ln(1− z) + 2z(1− z) + 2 ln( 2Ec
MW
)[
z2 + (1− z)2].
(92)
Finally, the one-loop finite remainders F fin,EW/QCDLV and the two-loop remainder F
fin,QCD⊗EW
LVV+LV2
are defined in Ap-
pendix A. Their analytic and numerical expressions are given in Appendix B.
A. The qq¯′ and qq′ channels
We begin by presenting formulas for mixed QCD-EW corrections in the qq¯′ channel. As we have explained in
Section VA, this channel receives contributions from both gγ and qq¯ final states. We then write
dσQCD⊗EWqq¯′→W (X) = dσ
QCD⊗EW
qq¯′→W (gγ) + dσ
QCD⊗EW
qq¯′→W (qq¯), (93)
where the terms in the brackets indicate the possible double-real contribution. We consider the two cases separately.
For definiteness, we present results for the ud¯ initial state.
We discuss the u+ d¯→W+ +(gγ) case first. We write the two-loop contributions to the cross section in the following
way
dσQCD⊗EW
ud¯→W (gγ) = dσ
elastic
ud¯→W (gγ) + dσ
boost
ud¯→W (gγ) + dσ
ONLO
ud¯→W (gγ) + dσ
regulated
ud¯→W (gγ). (94)
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Below we present results for individual contributions. The elastic contribution reads
2s · dσelasticud¯→W (gγ) =
(
αs(µ)
2pi
αEW
2pi
)
CF
[
8pi4
45
(
Q2u +Q
2
d
)
+
(
4pi2
3
− pi
4
3
)
Q2W
]
〈FLM(1u, 2d¯)〉
+
(αEW
2pi
)[pi2
3
(
Q2u +Q
2
d
)
+
(
2− pi
2
2
)
Q2W
]〈
F fin,QCDLV (1u, 2d¯)
〉
+
(
αs(µ)
2pi
)[
CF
2pi2
3
] 〈
F fin,EWLV (1u, 2d¯)
〉
+
〈
F fin,QCD⊗EW
LVV+LV2
(1u, 2d¯)
〉
.
(95)
The boosted contribution σboost
ud¯→W (gγ) can be written as
2s · dσboostud¯→W (gγ) =
(
αEW
2pi
αs(µ)
2pi
){
CF (Q
2
u +Q
2
d)
1∫
0
dz1dz2P˜NLOqq (z1, Ec)
FLM(z1 · 1u, z2 · 2d¯)
z1z2
P˜NLOqq (z2, Ec)
+ CF
1∫
0
dz
2∑
i=1
PNNLOqq (Qi, Qj 6=i, z)
〈
F
(i)
LM(1u, 2d¯ | z)
〉}
(96)
+
1∫
0
dz PNLOqq (z)
2∑
i=1
[(αEW
2pi
)
Q2i
〈
F
(i),fin,QCD
LV (1u, 2d¯ | z)
〉
+ CF
(
αs(µ)
2pi
)〈
F
(i),fin,EW
LV (1u, 2d¯ | z)
〉]
.
Moreover, we write
PNNLOqq (Qu, Qd, z) = Q
2
uP
NNLO,u
qq (z) +QuQdP
NNLO,ud
qq (z) +Q
2
dP
NNLO,d
qq (z). (97)
The individual contributions read
PNNLO,uqq = 16D3(z) +
(
8− 10pi
2
3
)
D1(z) + 32ζ3D0(z) +
5pi2
2
(1− z) + 2(8z − 9)− 8(1 + z) ln3(1− z)
+
[(
15 + 23z2
1− z
)
ζ2 − 7− z
]
ln(z) +
(2− 3z + 4z2 + z3) ln2(z)
(1− z)2 +
(3 + z2) ln3(z)
6(1− z) − ln
2(1− z)×(
4(1− z) + (17 + 9z
2) ln(z)
1− z
)
+
ln(1− z)
1− z
(
pi2(10− 8z2)
3
+ (4− 21z + 9z2) + 6(1 + z2) ln2(z) (98)
+
(2− 10z + 6z2 − 6z3) ln(z)
1− z
)
+ 2
(
(5 + z2) ln(z)
1− z +
(3z2 − 5) ln(1− z)
1− z − 2(1− z)
)
Li2(z)
+
2(3z2 − 5)
1− z Li3(1− z)−
4(3z2 + 5)
1− z Li3(z) +
(4 + 28z2)ζ3
1− z ,
PNNLO,udqq = (4pi
2 − 16)D1(z) + pi2(1− z) +
(
16
1− z − 2pi
2(1 + z)
)
ln(1− z) + 4z ln(z)
− pi
2(1 + z2)
1− z ln(z) +
4z(1 + z2)
[
2 ln(1− z) ln(z)− ln2(z)]
(1− z)2 , (99)
PNNLO,dqq =
(
8− 2pi
2
3
)
D1(z)− ζ2(1− z) +
(
2ζ2(1 + z)− 8
1− z
)
ln(1− z)− 2z ln(z)
+
2z(1 + z2)
(
ln2(z)− 2 ln(z) ln(1− z))
(1− z)2 +
1 + z2
1− z
(
ζ2 ln(z) + 2
[
2 ln(1− z)− ln(z)]Li2(1− z)) (100)
+ 2(1− z)Li2(1− z).
We continue with the contribution that involves NLO-like processes, ud¯→W+ + g and ud¯→W+ + γ. It reads
2s · dσONLO
ud¯→W (gγ) =
〈
OγNLO
[
F fin,QCDLV (1u, 2d¯; 4γ)
]〉
+
〈
OgNLO
[
F fin,EWLV (1u, 2d¯; 4g)
]〉
21
+
(
αs(µ)
2pi
)
CF
[
2pi2
3
+ 6Lc
] 〈OγNLO [FLM(1u, 2d¯; 4γ)] 〉+ (αEW2pi )
{(
Q2u +Q
2
d
) [pi2
3
+ 3Lc
]
+Q2W
[
2L2c − 5Lc −
1
2
ln2
(
1− β
1 + β
)
− 1
β
ln
(
1− β
1 + β
)]
+QW
2∑
i=1
Qi
[
4L2c −
3
2
ln
(
2pi · pW
M2W
)
− 4Lc ln
(
2pi · pW
M2W
)
+ ln2
(
2pi · pW
M2W
)
+ 2Li2
(
1− 1− β
κiW
)
+ 2Li2
(
1− 1 + β
κiW
)]}〈OgNLO [FLM(1u, 2d¯; 4g)] 〉 (101)
+
1∫
0
dz
2∑
i,j=1
i 6=j
{(
αs(µ)
2pi
)
CF
〈
OγNLO
[(
P˜NLOqq (z, Ec) + ηγj ln(ηγi)P¯AP,0qq,R (z)
)
F
(i)
LM(1u, 2d¯; 4γ | z)
]〉
+
(αEW
2pi
)
Q2i
〈
OgNLO
[(
P˜NLOqq (z, Ec) + ηgj ln(ηgi)P¯AP,0qq,R (z)
)
F
(i)
LM(1u, 2d¯; 4g | z)
]〉}
.
The fully-regulated contribution has already been discussed. It reads
2s · dσregulated
ud¯→W (gγ) = 〈(I − Sg)(I − Sγ)Ξ
qq¯
1 FLM(1u, 2d¯; 4g, 5γ)〉, (102)
where the operator Ξ1 is given in Eq.(53). We compute it numerically.
We now discuss the ud¯ → W+ + (qq¯) final state. The corresponding double-real matrix element is only singular if
the final-state qq¯ pair is collinear to the initial-state u or d¯. We use the same phase-space parametrization as for the
ud¯→W+ + (gγ) case, and write
dσQCD⊗EW
ud¯→W (qq¯) = dσ
boost
ud¯→W (qq¯) + dσ
regulated
ud¯→W (qq¯). (103)
We write the boosted contribution as
2s · dσboostud¯→W (qq¯) =
(
αs(µ)
2pi
αEW
2pi
) 1∫
0
dz PNNLO,intqq (z)
2∑
i=1
CFQ
2
i
〈
F
(i)
LM(1u, 2d¯ | z)
〉
, (104)
with
PNNLO,intqq (z) =
2pi2
3
(1 + z) +
2 + 12z − 14z2 − (5− 12z + 4z2) ln2(z)− 8 ln(1− z)(8− 15z + 7z2)
2(1− z)
− 4 ln(1− z) ln(z)(5− 2z
2) + ln(z)(6 + 11z − 27z2)− 8 ln(z) ln(1 + z)(1− z2) + 2(13− 6z − z2)Li2(1− z)
1− z
+ 8(1 + z)Li2(−z) + 1 + z
2
1− z
{
12Li3(1− z) + 16Li3(−z) + 18Li3(z)− 6ζ3 − 8Li2(−z) ln(z) + 2
[
5 ln(z)
− 4 ln(1− z)]Li2(1− z) + 5 ln2(z) ln(1− z)− ln3(z)
3
− 7pi
2
3
ln(z)
}
.
(105)
The fully-regulated contribution reads
2s · dσregulated
ud¯→W (qq¯) =
〈
(I − C145 − C245)FLM(1u, 2d¯; 4q, 5q¯)
〉
. (106)
Finally, we discuss the qq′ channel. At O(αsαEW ), it receives contributions from interferences among two t-channel
diagrams (see Fig. 1, right) with two identical quarks in the final state. As for the u+ d¯→W (qq¯) case that we have
just discussed, qq′ channels also only have triple-collinear singularities. For definiteness, we present the results for the
u+ d→W (qq) channel. We employ the same phase-space parametrization as for the qq¯′ channel, and write
dσQCD⊗EWud→W (qq) = dσ
boost
ud→W (qq) + dσ
regulated
ud→W (qq). (107)
The boosted contribution reads
2s · dσboostud→W (qq) =
(
αs(µ)
2pi
αEW
2pi
) 1∫
0
dz CFP
NNLO,int
qq¯ (z)
〈
Q2dFLM(1u, z · 2d¯)
z
〉
, (108)
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PNNLO,intqq¯ (z) = −pi2(1 + z) + 15(1− z) + 4 ln2(z) + 16(1− z) ln(1− z) + 8(1 + z) ln(z) ln(1− z)
+ (11 + 19z) ln(z)− 12(1 + z) ln(z) ln(1 + z) + 4(3 + z)Li2(1− z)− 12(1 + z)Li2(−z)
+
1 + z2
1 + z
{
ln3(z)
3
+ 6 ln2(z) ln(1 + z)− 12 ln(z) ln2(1 + z) + 4 ln3(1 + z)
− 2pi
2
3
[
2 ln(1− z)− 4 ln(z) + 3 ln(1 + z)]− 4 ln(1− z) ln(z)[ ln(z) + 4 ln(1 + z)]
− 4 ln(z)Li2(1− z) + 4
[
3 ln(z)− 4 ln(1− z)]Li2(−z) + 16Li3(1− z)− 16Li3(z)− 36Li3(−z)
− 24Li3
(
z
1 + z
)
− 8Li3(1− z2) + 10ζ3
}
.
(109)
The fully-regulated contribution is
2s · dσregulatedud→W (qq) =
〈
(I − C245)FLM(1u, 2d; 4q, 5q)
〉
. (110)
B. The qg channel
For definiteness, we consider corrections to the g + d¯→W+ + u¯ annihilation process and write
dσQCD⊗EW
gd¯→W (u¯γ) = dσ
boost
gd¯→W (u¯γ) + dσ
ONLO
gd¯→W (u¯γ) + dσ
regulated
gd¯→W (u¯γ). (111)
The boosted contribution reads
2s · dσboostgd¯→W (u¯γ) =
(
αs(µ)
2pi
αEW
2pi
){
TRQ
2
d
1∫
0
dz1dz2P˜NLOqg (z1, Ec)
〈
FLM(z1 · 1u, z2 · 2d¯)
z1z2
〉
P˜NLOqq (z2, Ec)
+ TR
1∫
0
dz PNNLOqg (z)
〈
FLM(z · 1u, 2d¯)
z
〉}
+
(
αs(µ)
2pi
)
TR
1∫
0
dz PNLOqg (z)
〈
F fin,EWLV (z · 1u, 2d¯)
z
〉
,
(112)
where
PNNLOqg (z) = Q
2
uP
NNLO,u
qg (z) +Q
2
dP
NNLO,d
qg (z) +QuQdP
NNLO,ud
qg (z), (113)
and
PNNLO,uqg (z) = −
69
4
+
255z
4
− 49z2 + pi
2(11− 54z + 46z2)
12
+
11
6
(1− 2z + 2z2) ln3(1− z)
+
(3− 6z + 4z2) ln3(z)
12
− (5− 81z + 140z
2 − 80z3) ln2(z)
8(1− z) −
[
7− 117z
4
+ 27z2 − (11− 22z + 26z2)ζ2
]
ln(z)
−
[
7− 21z + 17z2 +
(
3
2
− 3z − z2
)
ln(z)
]
ln2(1− z) +
[
16− 109
2
z + 44z2 − ζ2(7− 14z + 22z2) (114)
+
(7− 29z + 40z2 − 22z3) ln(z)
1− z −
(
3
2
− 3z + 3z2
)
ln2(z)
]
ln(1− z) + (18− 36z + 32z2)ζ3
+
[
3 + 4z − 4z2 − (1− 2z − 6z2) ln(1− z) + (1− 2z − 2z2) ln(z)
]
Li2(z)− (9− 18z + 10z2)Li3(1− z)
− (9− 18z + 14z2)Li3(1− z),
PNNLO,dqg (z) =
[
z2 + (1− z)2][ζ2 ln(z)− pi2
3
ln(1− z) + 2z
[
ln(z)− 2 ln(1− z)] ln(z)
1− z (115)
+ 2
[
2 ln(1− z)− ln(z)]Li2(1− z)]+ z(1− z)(4Li2(1− z)− pi2
3
)
− 4z2 ln(z),
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PNNLO,udqg (z) =
(
4z ln(z)
1− z + pi
2
)[
(1− 2z + 2z2)[2 ln(1− z)− ln(z)]+ 2z(1− z)]. (116)
The contribution involving NLO kinematics is given by
2s · dσONLO
gd¯→W (u¯γ) =
〈Ou¯NLO[F fin,EWLV (1g, 2d¯; 4u¯)]〉+ (αEW2pi )
{ ∑
i∈{2,4}
Q2i
[
2L2c − ζ2 − 2 ln
(
Ec
Ei
)
ln
(
4EiEc
M2W
)]
+Q2u
[
13
2
− 2pi
2
3
−
[
3
2
+ 2 ln
(
Ec
E4
)]
ln
(
η41
4(1− η41)
)
− 3 ln
(
2E4
MW
)]
+Q2W
[
1
β
ln
(
1 + β
1− β
)
− 1
2
ln2
(
1 + β
1− β
)
− 2Lc
]
+QuQd
[
4Lc ln(η42) + ln
2(η42) + 3 ln
(
s24
M2W
)
− ln2
(
s24
M2W
)
+ 2Li2(1− η42)
]
+
∑
i∈{2,4}
QWQi (117)
×
[
4Lc ln
(
EiMW
pi · pW
)
− 3
2
ln
(
2pi · pW
M2W
)
+ ln2
(
2pi · pW
M2W
)
+ 2Li2
(
1− 1 + β
κiW
)
+ 2Li2
(
1− 1− β
κiW
)]
+ pi2QuQW
}〈Ou¯NLO[FLM(1g, 2d¯; 4u¯)]〉+ (αEW2pi )
1∫
0
dz P˜NLOqq (z) Q2d
〈
Ou¯NLO
[
FLM(1g, z · 2d¯; 4u¯)
z
]〉
+
(
αs(µ)
2pi
) 1∫
0
dz TR
〈
OγNLO
[(
P˜NLOqg (z, Ec) + η42 ln
(η41
2
)
P¯AP,0qg (z)
) FLM(z · 1u, 2d¯; 4γ)
z
]〉
,
with Q2 = Qd and Q4 = −Qu.
The fully-regulated gluon-quark contribution reads
2s · dσregulated
gd¯→W (u¯γ) = 〈(I − Sγ)Ξ
gq
1 FLM(1g, 2d¯; 4u¯, 5γ)〉, (118)
where Ξgq1 is defined in Eq.(76). We compute it numerically.
C. The qγ channel
The structure of the quark-photon channel is similar to the one of the quark-gluon channel. Actually, results in this
case are more compact because of the simplicity of soft-gluon limits. For definiteness, we consider corrections to the
γ + d¯→W+ + u¯ channel. We use the same phase-space parametrization as for the quark-gluon channel and write
dσQCD⊗EW
γd¯→W (u¯g) = dσ
boost
γd¯→W (u¯g) + dσ
ONLO
γd¯→W (u¯g) + dσ
regulated
γd¯→W (u¯g). (119)
The boosted contribution reads
2s · dσboostγd¯→W (u¯g) =
(
αs(µ)
2pi
αEW
2pi
)
NcCFQ
2
u
{ 1∫
0
dz1dz2P˜NLOqg (z1, Ec)
〈
FLM(z1 · 1u, z2 · 2d¯)
z1z2
〉
P˜NLOqq (z2, Ec)
+
1∫
0
dz PNNLOqγ (z)
〈
FLM(z · 1u, 2d¯)
z
〉}
+
(αEW
2pi
)
NcQ
2
u
1∫
0
dz PNLOqg (z)
〈
F fin,QCDLV (z · 1u, 2d¯)
z
〉
,
(120)
where
P boostqγ (z) = P
boost,u
qg (z) + P
boost,d
qg (z) + P
boost,ud
qg (z). (121)
The dσONLO
γd¯→W (u¯g) term can be obtained from the analogous result for the qg channel Eq.(117) using the following
replacements
TR → NcQ2u, {Q2u, Q2d, QuQd} → CF , QW → 0,
FLM(1g, ...)→ FLM(1γ , ...), FLM(z · 1u, 2d¯; 4γ)→ FLM(z · 1u, 2d¯; 4g),
αs(µ)↔ αEW , OγNLO → OgNLO, F fin,EWLV (1g, 2d¯; 4u¯)→ F fin,QCDLV (1γ , 2d¯; 4u¯).
(122)
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The regulated contributions reads
2s · dσregulated
γd¯→W (u¯g) =
〈
(I − Sg)Ξγq1 FLM(1γ , 2d¯; 4u¯, 5g)
〉
, (123)
where we define Ξγq1 in analogy to what we did for the qg channel:
8
Ξγq1 = (I − C2g)(I − C41)ω2g + θC(I − C14g)(I − C41)ω4g + θB(I − C14g)(I − C4g)ω4g
+ θA(I − C14g)ω4g + θD(I − C14g)(I − C4g)ω4g,
(124)
with
ω2g =
ρ4g
ρ2g + ρ4g
, ω4g =
ρ2g
ρ2g + ρ4g
, (125)
see Section VC.
D. The gγ channel
This channel can be obtained straightforwardly by abelianizing the NNLO QCD gg channel. Following Refs. [12, 45],
we do not order the final state partons either in energy or in angle and we do not introduce any partitioning.
For definiteness, we consider the partonic process g + γ →W + (u¯+ d) and write
dσQC⊗EWgγ→W (u¯d) = dσ
boost
gγ→W (u¯d) + dσ
ONLO
gγ→W (u¯d) + dσ
regulated
gγ→W (u¯d). (126)
The boosted contribution reads
2s · dσboostgγ→W (u¯d) =
(
αs(µ)
2pi
αEW
2pi
)
NcTR
1∫
0
dz1dz2 P˜NLOqg (z1, Ec) P˜NLOqg (z2, Ec)×〈
Q2dFLM(z1 · 1u, z2 · 2d¯) +Q2uFLM(z1 · 1u¯, z2 · 2d)
z1z2
〉
.
(127)
The term with NLO-like kinematics reads
dσONLOgγ→W (u¯d) =
(
αs(µ)
2pi
) 1∫
0
dz TRP˜NLOqg (z)
〈
Oq4NLO
[
FLM(z · 1u, 2γ ; 4d) + FLM(z · 1d¯, 2γ ; 4u¯)
z
]〉
+
(αEW
2pi
) 1∫
0
dz NcP˜NLOqg (z)
〈
Oq4NLO
[
Q2dFLM(g, z · 2d¯ ; 4u¯) +Q2uFLM(g, z · 2u; 4d)
z
]〉
.
(128)
Finally, the regulated contribution reads
dσregulatedgγ→W (u¯d) =
〈(
I − C41 − C42 − C51 − C52 + C42C51 + C41C52
)
FLM(1g, 2γ ; 4u¯, 5d)
〉
. (129)
In this case, the collinear operators always act on the unresolved phase space, see Refs. [12, 45] for details.
8 Similar to what we did for qg channel, all double-collinear operators in Ξgq1 also act on the unresolved phase space, while the triple-
collinear operators do not. See Ref. [12] for details.
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σ[pb] channel µ = MW µ = MW /2 µ = MW /4
σLO 6007.6 5195.0 4325.9
∆σNLO,αs all ch. 508.8 1137.0 1782.2
qq¯′ 1455.2 1126.7 839.2
qg/gq -946.4 10.3 943.0
∆σNLO,α all ch. 2.1 -1.0 -2.6
qq¯′ -2.2 -5.2 -6.7
qγ/γq 4.2 4.2 4.04
∆σNNLO,αsα all ch. -2.4 -2.3 -2.8
qq¯′/qq′ -1.0 -1.2 -1.0
qg/gq -1.4 -1.2 -2.1
qγ/γq 0.06 0.03 -0.04
gγ/γg -0.12 0.04 0.30
Table I: Fiducial cross sections for pp → W+(e+νe) at the 13 TeV LHC for three different values of the renormalization
and factorization scales at different orders of perturbation theory. Contributions of different partonic channels are displayed
separately. See text for details.
VII. NUMERICAL RESULTS
We have implemented the above results for all the relevant partonic channels in a Fortran computer code that enables
the computation of mixed QCD-electroweak corrections to the production of an on-shellW± boson in proton collisions
at a fully-differential level. Tree-level decays of the W boson are included in the computation. Note that in this paper
we do not consider mixed corrections that originate from QCD corrections to W production followed by electroweak
corrections to W decay. Such corrections are, essentially, of NLO-type and, for this reason, are much easier to deal
with; in fact, they have already been studied in Ref. [48].9
We note that all the finite remainders of one-loop electroweak and QCD corrections that we require are computed
with OpenLoops [52–54]. The calculation of the two-loop finite remainder of the mixed QCD-EW corrections to the
Wqq¯′ form factor is presented in Appendix B.
Before presenting selected results for the mixed QCD-electroweak corrections, we describe the various checks of the
calculation that we have performed to ensure its correctness. First, we checked all fully-resolved contributions by
using our code to compute cross sections and kinematic distributions for the process pp→W +γ+ jet and comparing
the results with MADGRAPH [55] and MCFM [56]. Such a comparison has been performed separately for all the different
partonic channels that contribute to the above process allowing for a thorough check of our code.
Second, we have used our code to compute NLO QCD and NLO electroweak corrections to the processes pp→W +γ
and pp→ W + jet and checked the results of the calculation against MCFM and MADGRAPH, respectively. In both cases
excellent agreement for these NLO contributions was found.
Finally, we have checked some unresolved contributions by considering the limit of equal up and down quark charges
Qu = Qd and comparing the results with our earlier computation of mixed QCD-electroweak corrections to Z pro-
duction in proton collisions [29]. This check is particularly useful since, compared to the case of Z production, we
have modified the parametrization of the phase space and the partitions for the computation reported in this paper.
We now turn to the presentation of numerical results. We renormalize weak corrections in the Gµ scheme and use,
as input parameters, GF = 1.16639 × 10−5 GeV−2, MZ = 91.1876 GeV, MW = 80.398 GeV, Mt = 173.2 GeV
and MH = 125 GeV. We also use ΓW = 2.1054 GeV. The fine-structure constant that is obtained with this setup
is αEW = 1/132.338. We use the NNLO NNPDF3.1luxQED parton distribution functions [57–59] for all numerical
computations reported in this paper. The value of the strong coupling constant is provided as part of the PDF set.
Numerically, it reads αs(MZ) = 0.118.
Since we do not aim at performing extensive phenomenological studies in this paper, we apply very mild cuts on the
final state of the process pp → W+(e¯ν) + X. We require that the transverse momentum of the positron p⊥,e and
9 Similarly, we do not consider mixed QCD-EW corrections to the decay process. These are also very simple since they only come from
the renormalization of the W → lν form factor.
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Figure 2: The impact of mixed QCD-electroweak corrections to pp→W+(e+ν) production at 13 TeV LHC on various kinematic
distributions including lepton rapidity and transverse momentum, the transverse momentum of theW -boson and the transverse
mass. NLO electroweak corrections are also shown. See text for details.
of the neutrino p⊥,miss are larger than 15 GeV and that the absolute value of the positron rapidity does not exceed
|ye| < 2.4. We also set the factorization and renormalization scales to be equal µR = µF = µ and choose µ = MW /2
as the central scale for our computations.
To present the results, we write the fiducial cross section as
σpp→W+ = σLO + ∆σNLO,αs + ∆σNLO,α,+∆σNNLO,ααs + .... (130)
where the first term on the right hand side is the leading order cross section, the second term is the NLO QCD
contribution, the third term is the NLO electroweak contribution and the last one is the mixed QCD-electroweak
contribution. Ellipses in Eq.(130) stand for other contributions to the cross section, e.g. NNLO QCD ones.
We show the fiducial cross sections pp → W + X, using the cuts described above, in Table I. It follows from this
table that NLO electroweak contributions are tiny – they modify the leading order cross section by just about −0.02
percent. For comparison, we note that NNLO QCD corrections are of the order of a few percent. We note that
the smallness of these corrections is partially related to our choice of the Gµ renormalization scheme which appears
to reduce the impact of electroweak corrections significantly. Although quite small as well, mixed QCD-electroweak
corrections turn out to be larger than the NLO electroweak ones, at least for the setup considered here.
The relative importance of mixed QCD-electroweak corrections, at least compared to NLO electroweak corrections,
is also apparent from the kinematic distributions shown in Fig. 2. These distributions are computed with the fiducial
cuts described above; results shown in Fig. 2 are obtained for µ = MW /2. The y-axes in the lower panes correspond
to bin-by-bin ratios of NLO electroweak and mixed QCD-electroweak contributions to NLO QCD cross sections
d∆i =
d∆σi
dσLO + d∆σNLO,αs
. (131)
In Fig. 2 we show the rapidity and transverse momentum distributions of the charged lepton as well as the transverse
27
mass10 and the transverse momentum distributions of theW boson. It follows from Fig. 2 that mixed QCD-electroweak
corrections are often larger than NLO electroweak ones and that the two types of corrections often have different
shapes. It remains to be seen how these small effects impact the extraction of the W -boson mass from LHC data; we
will investigate this important question in a separate publication.
VIII. CONCLUSIONS
A better understanding of mixed QCD-electroweak corrections toW -boson production in hadron collisions is important
for the precision electroweak physics program at the LHC. The calculation of these corrections is complicated by the
fact that they require two- and one-loop virtual corrections with several internal and external masses as well as control
on infra-red and collinear singularities that appear when photons and partons are radiated.
However, thanks to recent progress in developing subtraction schemes for QCD computations at the LHC and in
technology for multi-loop computations, the calculation of mixed QCD-electroweak corrections to on-shell vector-
boson production becomes relatively straightforward. To demonstrate this, in this paper we have presented results
for the two-loop QCD-EW corrections to the qq¯′ → W interaction vertex and explained how to construct a suitable
subtraction scheme for real-emission contributions. We provided relatively simple analytic results for fully- and
partially-unresolved integrated subtraction terms as well as analytic formulas and a numerical value for the two-loop
form factor that describes mixed QCD-electroweak contributions to the qq¯′ →W on-shell interaction vertex.
We have implemented our calculation in a flexible parton-level numerical code and used it to calculate mixed QCD-
electroweak corrections to pp → W+(e+ν) at the LHC. We presented results for fiducial cross sections and selected
kinematic distributions. In the setup that we have considered, we have found that, in general, mixed QCD-electroweak
corrections are rather small, often below a permille. However they appear to be larger than one-loop electroweak
corrections to pp→W+ at least when the latter are computed in the Gµ scheme.
The calculation reported in this paper provides one of the last missing theoretical ingredients whose understanding is
considered to be essential for achieving few MeV accuracy in the W -boson mass measurement at the LHC. Needless
to say that the actual impact of these corrections on the W -mass measurement is unknown; we plan to study this
question in a future publication.
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Appendix A: Infra-red structure of loop corrections
The computation of mixed QCD-EW corrections to ud¯ → W+ requires virtual corrections to a number of processes
including i) two-loop mixed QCD-EW corrections to ud¯→W+, ii) one-loop QCD corrections to ud¯→W+, iii) one-
loop electroweak corrections to ud¯ → W+, iv) one-loop QCD corrections to ud¯ → W+ + γ, v) one-loop electroweak
corrections to ud¯→W+ + g as well as crossings of these processes. To demonstrate the cancellation of 1/ poles and
identify the  → 0 limit of the integrated subtraction terms, we need to isolate infra-red divergent contributions to
these amplitudes. In case of QCD corrections, this can be accomplished with the help of Catani’s formula [60]. In
this appendix, we use the results of Ref. [60] to explicitly extract the infra-red part of renormalized QCD amplitudes,
and generalize them to deal with the electroweak case as well.
We use the following notation. We write a generic (renormalized) amplitude as
A = A0 +
(
αs(µ)
2pi
)
A1 +
(αEW
2pi
)
A¯1 +
(
αs(µ)
2pi
αEW
2pi
)
Amix + ... (A1)
10 We define the transverse mass as m⊥,lν =
√
2p⊥,l · p⊥,miss(1− cos ∆φlν).
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and then define
FQCDLV (1, 2; ...) = N
(
αs(µ)
2pi
)∫ ∑
col,pol
2<[A0A∗1](2pi)dδd(Pi − Pf ) dd−1pW(2pi)d−12EW ,
FEWLV (1, 2; ...) = N
(αEW
2pi
)∫ ∑
col,pol
2<[A0A¯∗1](2pi)dδd(Pi − Pf ) dd−1pW(2pi)d−12EW ,
FQCD⊗EW
LVV+LV2
(1, 2) = N
(
αs(µ)
2pi
αEW
2pi
)∫ ∑
col,pol
2<[A0A∗2 +A1A¯∗1](2pi)dδd(Pi − Pf ) dd−1pW(2pi)d−12EW ,
(A2)
where Pi(f) stands for the sum of initial(final) momenta and N stands for all the required (d-dimensional) initial-state
color and helicity averaging factors, see Eq.(1) and Refs. [12, 45]. In this appendix, we also use the notation
α¯ =
[
(4pi)e−γE
]
αEW . (A3)
Formulas provided in this appendix are used in the main text to construct subtraction terms for mixed QCD-EW
corrections and to demonstrate cancellation of 1/ singularities analytically.
1. The infra-red structure of real-virtual amplitudes
We begin with QCD corrections to the electroweak processes u + d¯ → W + γ. The infra-red and collinear structure
of the one-loop amplitude directly follows from Catani’s formula [60]. We write〈
FQCDLV (1u, 2d¯; 4γ)
〉
=
(
αs(µ)
2pi
)[
eγE
Γ(1− )
](
µ2
s12
) [
−2CF cos(pi)
(
1
2
+
3
2
)]
〈FLM(1u, 2d¯; 4γ)〉
+
〈
F fin,QCDLV (1u, 2d¯; 4γ)
〉
,
(A4)
where s12 = 2p1 · p2. The required formula for QCD corrections to the photon-quark collision process reads〈
FQCDLV (1γ , 2d¯ ; 4u¯)
〉
=
(
αs(µ)
2pi
)[
eγE
Γ(1− )
](
µ2
s24
) [
−2CF
(
1
2
+
3
2
)]
〈FLM(1γ , 2d¯ ; 4u¯)〉
+
〈
F fin,QCDLV (1γ , 2d¯ ; 4u¯)
〉
,
(A5)
with s24 = 2p2 · p4.
We also require one-loop electroweak corrections to the process u+ d¯→W+ +g. We parametrize them in the following
way
〈
FEWLV (1u, 2d¯; 4g)
〉
=
( α¯
2pi
)[ eγE
Γ(1− )
](
µ2
M2W
) [−QuQdf1 −QuQW f2 +QdQW f3]〈FLM(1u, 2d¯; 4g)〉
+
〈
F fin,EWLV (1u, 2d¯; 4g)
〉
,
(A6)
where QW = Qu −Qd and
f1 =
2
2
+
3− 2Ls

− 3Ls + L2s − pi2,
f2 =
1
2
+
5/2− 2Lt

− 3
2
Lt + L
2
t ,
f3 =
1
2
+
5/2− 2Lu

− 3
2
Lu + L
2
u,
(A7)
with Ls = ln(s/M2W ), Lt = ln(1− t/M2W ), Lu = ln(1− u/M2W ). The Mandelstam invariants are defined as
s = (p1 + p2)
2, t = (p1 − pW )2, u = (p2 − pW )2. (A8)
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A related quantity is the one-loop electroweak corrections to the gluon-initiated process g + d¯ → W+ + u¯. We
parametrize it in the following way
〈
FEWLV (1g, 2d¯; 4u¯)
〉
=
( α¯
2pi
)[ eγE
Γ(1− )
](
µ2
M2W
) [−QuQdfgq1 −QuQW fgq2 +QdQW fgq3 ]〈FLM(1g, 2d¯; 4u¯)〉
+
〈
F fin,EWLV (1g, 2d¯, 4u¯)
〉
,
(A9)
where QW = Qu −Qd and
fgq1 =
2
2
+
3− 2L24

− 3L24 + L224,
fgq2 =
1
2
+
5/2− 2L4W

− 3
2
L4W + L
2
4W − pi2,
fgq3 =
1
2
+
5/2− 2L2W

− 3
2
L2W + L
2
2W ,
(A10)
with L24 = ln(2p2 · p4/M2W ), L4W = ln(2p4 · pW /M2W ), L2W = ln(2p2 · pW /M2W ).
In all the formulas above, the infra-red 1/ poles are explicitly extracted and F fin,QCD/EWLV are finite remainders.
2. Infra-red structure of the Wqq¯′ form factor
The only two-loop amplitude that we require describes mixed QCD-EW corrections to the q+ q¯′ →W+ process. For
definiteness, we present results for the u+ d¯→W+ channel.
At one-loop, we parametrize QCD corrections as〈
FQCDLV (1u, 2d¯)
〉
=
(
αs(µ)
2pi
)
I12,QCD 〈FLM(1u, 2d¯)〉+
〈
F fin,QCDLM (1u, 2d¯)
〉
,〈
FEWLV (1u, 2d¯)
〉
=
( α¯
2pi
)
I12,EW 〈FLM(1u, 2d¯)〉+
〈
F fin,EWLM (1u, 2d¯)
〉
,
(A11)
with
I12,QCD =
[
eγE
Γ(1− )
](
µ2
M2W
) [
−2CF cos(pi)
(
1
2
+
3
2
)]
,
I12,EW =
[
eγE
Γ(1− )
](
µ2
M2W
) [−QuQdf¯1 −QuQW f¯2 +QdQW f¯3], (A12)
and
f¯1 = cos(pi)
[
2
2
+
3

]
, f¯2 = f¯3 =
1
2
+
5
2
. (A13)
We note that these formulas agree with the s→M2W , t, u→ 0 limit of Eqs.(A4,A6).
We now discuss the infra-red structure of two-loop mixed QCD-EW corrections. As we have explained in the main
text, IR singularities in this case almost factorize into the product of two NLO-like structures. The only exceptions
are genuinely-NNLO hard triple-collinear configurations. As a consequence, we can write
〈
FQCD⊗EW
LVV+LV2
(1u, 2d¯)
〉
=
(
αs(µ)
2pi
α¯
2pi
)[
I12,QCD · I12,EW + e
γE
Γ(1− )
HWQCD⊗EW

]
〈FLM (1u, 2d¯)〉
+
(
αs(µ)
2pi
)
I12,QCD
〈
F fin,EWLV (1u, 2d¯)
〉
+
( α¯
2pi
)
I12,EW
〈
F fin,QCDLV (1u, 2d¯)
〉
+
〈
F fin,QCD⊗EW
LVV+LV2
(1u, 2d¯)
〉
.
(A14)
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Figure 3: Examples for mixed QCD-electroweak two-loop diagrams. A form factor diagram with simultaneous internal W - and
Z-boson propagators is shown on the left. A self-energy diagram which contributes to the wave function renormalization of the
external quarks at O(αsαEW ) is shown on the right.
In Eq.(A14), F fin,QCD⊗EW
LVV+LV2
is the two-loop finite remainder. The constant HWQCD⊗EW is related to the quark anomalous
dimension and can be extracted by abelianizing the corresponding contribution in Ref. [60]. It reads
HWQCD⊗EW =
(
pi2
2
− 6ζ3 − 3
8
)
CF
[
Q2u +Q
2
d
]
. (A15)
We present explicit formulas for the one- and two-loop finite remainders in the next appendix.
Appendix B: Analytic expression for the mixed QCD-EW form factor
The double-virtual corrections to single on-shell W -boson production require the form factor for the qq¯′ →W vertex
at O(αsαEW ). The on-shell condition simplifies the problem significantly; in particular, we do not need complicated
two-loop four-point functions [61–64] required to describe the process pp → lν with O(αsαEW ) accuracy in the off-
shell case. Moreover, if one assumes equal masses for internal W and Z bosons, all necessary integrals are available
in the literature and can be extracted from Refs. [61–66]. However, to the best of our knowledge, results for on-shell
W form factor that accommodate different masses of W and Z bosons are not publicly available. We compute the
relevant form factor in this paper.
An example of a diagram that has to be computed is shown in Fig. 3. In order to calculate the form factor, we use
QGRAF [67] to generate diagrams, FORM [68–71] to perform the Dirac and Lorentz algebra, color.h [72] for the color
algebra and Reduze2 [73–75] to reduce integrals that appear to master integrals using integration-by-parts relations
[76–78]. We work in the Feynman gauge and use Feynman rules from Ref. [79]. Since we only require contributions
of massless quarks and work at O(αsαEW ), the Dirac matrix γ5 can only appear on fermion lines that are connected
to external lines. For this reason, we consider γ5 to be anti-commuting.
The form factor has to be renormalized in order to remove ultra-violet divergences. We choose to follow the procedure
described in Ref. [80] and renormalize the wave functions and masses in the on-shell scheme. We use the MS scheme
to renormalize the strong coupling constant αs and the Gµ scheme11 for the electroweak input parameters. The
weak mixing angle is defined as cos θW = MW /MZ in terms of the on-shell W and Z boson masses. The necessary
renormalization constants at the one-loop order are given explicitly in Ref. [80]. The two-loop mixed QCD-electroweak
corrections to the self-energies of electroweak gauge bosons were calculated in Ref. [82]. In addition, we need the two-
loop self-energies for massless fermions which enters through the wave function renormalization of external quarks. A
typical diagram that appears in this context is the self-energy diagram shown in Fig. 3. The required wave function
renormalization has already been calculated in Ref. [29]; it reads
Zf,L = 1−
(
α
2pi
(4pi)
µ
)
1− 
(2− )Γ(1 + )
(
g2f,L
(
M2Z
µ2
)−
+
1
2 sin2(θW )
(
M2W
µ2
)−)
+
(
α
2pi
αs
2pi
(4pi)2
µ2
)
CF
(3− 2)(1− 3)
4(2− )(1− 2)Γ(1− )Γ(1 + )Γ(1 + 2) (B1)
11 See Ref. [81] for a recent review.
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×
(
g2f,L
(
M2Z
µ2
)−2
+
1
2 sin2(θW )
(
M2W
µ2
)−2)
.
The bare strong and electromagnetic coupling constants are αs and α, respectively, and the subscript f ∈ {u, d}
denotes the type of fermion. The Z-boson coupling is defined as
gf,L =
I3,f −Qf sin2(θW )
sin(θW ) cos(θW )
, (B2)
where I3,f = ±1/2 and Qf are the third component of the weak isospin and the electric charge of the fermion f . We
have checked the renormalization constants by rederiving them using the same set of programs as described above.
We have also checked the renormalization constants related to vector bosons by comparing numerically against results
of Ref. [48].
We note that the one-loop renormalization constants also enter the two-loop renormalization where they are multiplied
by infra-red divergent quantities. Therefore, one would a priori also need higher-order terms beyond O(0) for these
renormalization constants. However, once one-loop squared and genuine two-loop contributions are combined, the
higher-order terms cancel out and so there is no need to compute them.
To check the correctness of our result, we performed two independent calculations and found agreement. We have
also checked that the 1/ infra-red poles of the renormalized form-factor agree with the general structure discussed in
the previous appendix.
We now discuss some details of the calculation. After IBP reduction, we find ten master integrals with two different
internal masses. We compute them using differential equations [83–85]. The integration constants are fixed by
matching to the known results in the equal mass limit which we take from Refs. [61, 65, 66].12 To verify the computed
master integrals, we have numerically checked our results using pySecDec [68–71, 87–91].
To write down the differential equations that the master integrals satisfy, we find it convenient to rationalize the
square root present in the alphabet by introducing the standard Landau variable y defined as follows
M2Z
M2W
=
(1 + y)2
y
. (B3)
When written in this variable, the differential equation for the vector of master integrals I can be written as
∂y~I =
∑
a∈S
5∑
k=0
Aˆa,k
(y − a)k
~I, (B4)
where
S =
{
0,±1,±i, e± 2ipi3 ,−ϕ2,−ϕ−2
}
, (B5)
and ϕ = 1+
√
5
2 is the golden ratio.
The differential equation Eq.(B4) is solved in terms of Goncharov Polylogarithms (GPLs). Manipulations of GPLs
were done using different tools, including HarmonicSums [92–102] and PolyLogTools [103–105]. We have simplified
GPLs that appear in the calculation using relations from Refs. [97, 106]. In the solutions of the master integrals
the letters a = ±i no longer appear. Although the result expressed in terms of the y variable is straightforward to
evaluate, its analytic form is somewhat unwieldy. Because of this, we decided to present our analytic result expressed
in terms of
z =
M2W
M2Z
+ i0. (B6)
Results in terms of y can be obtained from the authors upon request.
12 Partially, Loopedia [86] was used to identify references for these integrals.
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We express our results in terms of iterated integrals defined as
H0, . . . , 0︸ ︷︷ ︸
k times
(z) =
1
k!
lnk(z) , Ha(z) =
∫ z
0
dx fa(x) , Ha1,...,an(z) =
∫ z
0
dx fa1(x)Ha2,...,am(x) (B7)
with the alphabet
f0(x) =
1
x
, f1(x) =
1
1− x , f−1(x) =
1
1 + x
, fr(x) =
1√
x(4− x) . (B8)
We also find it convenient to define the following combinations
H1 = Hr(z−1)− pi ,
H2 = piH0(z) +H0,r(z−1) ,
H3 = ipi2 − 3ipiHr(z−1)− 3Hr,1(z−1) ,
H4 = Hr,0(z−1) ,
H5 = −piHr(z−1) +Hr,r(z−1) , (B9)
H6 = −piH0,r(z−1) +H0,r,r(z−1) ,
H7 = −piHr,0(z−1) +Hr,0,r(z−1) ,
H8 = Hr,r,0(z−1) ,
H9 = −ipi
3
6
+ ipi2Hr(z
−1)− 3ipiHr,r(z−1)− 3Hr,r,1(z−1) ,
H10 = ipi
3
6
H0(z) + ipi
2H0,r(z
−1)− 3ipiH0,r,r(z−1)− 3H0,r,r,0(z−1)− 3H0,r,r,1(z−1)− 4ipiζ3 .
These combinations evaluate to real numbers in the relevant physical region M2W ≤ M2Z , i.e. 0 ≤ z ≤ 1. However,
note that the iterated integrals where the square-root-valued letter fr occurs are evaluated at argument z−1 ≥ 1.
Therefore, the individual iterated integrals with simultaneous letters fr and f1 develop an imaginary part that cancels
against the explicit imaginary parts in H3, H9 and H10.
We now present our results. For completeness, we first report expressions for one-loop corrections. We write the finite
remainders defined in Appendix A as〈
F fin,QCDLV (1u, 2d¯)
〉
=
(
αs(µ)
2pi
)
FQCD,fin
ud¯
〈FLM(1u, 2d¯)〉 ,
〈
F fin,EWLV (1u, 2d¯)
〉
=
(αEW
2pi
)
FEW,fin
ud¯
〈FLM(1u, 2d¯)〉 . (B10)
With this notation, the (renormalized) form factors read13 FQCD,fin
ud¯
= −8CF , and
FEW,fin
ud¯
= (Q2u +Q
2
d)
[(
z − 1)(1 + z)2
z3
H−1,0(z)− 1
2
(
z − 1)(3z + 2)
z2
H0(z)− 1
4
9z2 + 3z + 4
z2
]
+Nc
[
1
4
(
zt − 1
)(
zt + 1
)(
z − 1)z3t H1(zt)− 18 4z
2
t − zt − 2(
z − 1)z2t
]
− 1
2
(
2z2 − 2z + 1)(1 + z)2(
z − 1)z3 H−1,0(z)
+
1
16
4z4H − 22z3H + 17z2H − 6zH + 1(
z − 1)(zH − 1)z3H H0(zH)− 116 16z
5 + 20z4 − 118z3 + 79z2 − 2z − 1(
z − 1)2z3 H0(z) (B11)
+
1
48
−6z2 + 21z2zH − 30z2H − 69zz2H + 418z2z2H(
z − 1)z2z2H + 16 2z + 7z − 1 pi2 + z + 2z − 1
(
H0,0(z) +H5(z)
)
−
√
4zH − 1
zH
1
16
28z3H − 20z2H + 7zH − 1(
z − 1)(4zH − 1)z2H H1(zH) +
√
4z − 1
z
1
16
28z3 + 52z2 − 13z − 1(
z − 1)z2 H1(z).
13 Higher orders in the -expansion of the finite remainders are not needed for our calculation, so we do not report them here.
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In Eq.(B11), we used
z =
M2W
M2Z
+ i0 , zH =
M2W
M2H
+ i0 , zt =
M2W
M2t
+ i0 . (B12)
We now present results for the mixed QCD-EW corrections. We find it convenient to factor out the LO amplitude
and separate factorizable and non-factorizable contributions. We write
Amix = A0
[M1M¯1 +Mmix,n.f.] , (B13)
where Ai are defined in Eq.(A1) and we used analogous definitions for Mi. Following what was done in Ref. [36]
for the Z boson, we also separate the renormalization contribution coming from two-loop gauge-bosons self-energy
corrections, which is finite. We then write
Mmix,n.f. = M˜mix + δZmix,2, M˜mix =Mmix,bare + δZmix,1, (B14)
where δZmix,1 contains the mixed fermion wave-function renormalization Eq.(B1) and δZmix,2 contains the remaining
renormalization. In analogy with Ref. [36], we now present results for M˜mix. We obtain
M˜mix =
(
Q2u +Q
2
d
)
CF
[
1

(
− 3
16
+
1
4
pi2 − 3ζ3
)
+
(
3
8
− 1
2
pi2 + 6ζ3
)
ln
(
M2W
µ2
)
+
1
4
(
27z + 13
)
(1− z)2
z3
H1
+
(1− z)2(1 + z)
z3
(
3
4
H1pi
2 − 9
2
H1,0,0 − 9
2
H1,0,1
)
− 1
4
(
5z + 3
)
(1− z)(1 + z)
z3
H−1,0
+
(1− z)(1 + z)2
z3
(
−3
2
H−1,−1,0 +
3
2
H−1,0,0 + 3H−1,0,1 + 2H−1,−1,−1,0 − 2H−1,−1,0,0 − 6H−1,−1,0,1
− 2H−1,0,−1,0 +H−1,0,0,1 +H0,−1,0,0 + 4H0,−1,0,1 +
(
−1
4
H−1 +
1
6
H−1,−1 − 1
6
H0,−1
)
pi2 − 3H−1ζ3
)
+
1
32
7z2 − 72z + 64
z2
+
1
24
50z2 − 5z − 16
z2
pi2 − 3
2
8z2 − z − 2
z2
ζ3 − 11
180
pi4 +
(1− z)
z2
(
1
2
(
9z + 11
)
H0,1
− 1
2
(
3z + 4
)
H0,0,1 +
(
3z + 2
)(−17
8
H0 +
1
2
H0,−1,0
)
+
1
4
(
23z + 16
)
H0,0
)
+
(
z2 + 3z + 1
)
(1− z)
z3
(
1
3
H0,1pi
2 − 2H0,1,0,0 − 2H0,1,0,1
)]
+ CF
[
z + 2
1− z
(
−1
6
H0,0pi
2 + 4H0ζ3
)
+
1
8
(
5z − 2)(2z2 + 12z + 11)
(1− z)z2 H0,1 +
1
8
43z2 + 7z − 16
(1− z)z2 H0,0
− 1
16
8z3 + 142z2 + 23z − 34
(1− z)z2 H0 −
1
48
10z3 + 5z2 + 20z − 16
(1− z)z2 pi
2 +
1
120
5z − 36
1− z pi
4 − 1
8
4z2 − 17z + 8
(1− z)z2
+
2z2 − 2z + 1
(1− z)z2
((
3z + 2
)(−3
4
ζ3 − 1
4
H0,−1,0
)
+
1
4
(
3z + 4
)
H0,0,1
)
+
(
2z2 − 6z + 3)(1 + z)
z3
(
3
4
H1,0,0
+
3
4
H1,0,1 − 1
8
H1pi
2
)
− 1
(1− z)z
(
1
8
H0,0,0 +
1
2
(
9z2 − 8z − 2)ζ3 + 5
48
H0pi
2
)
+
(
2z2 − 2z + 1)(1 + z)2
(1− z)z3
(
3
4
H−1,−1,0 − 3
4
H−1,0,0 − 3
2
H−1,0,1 −H−1,−1,−1,0 +H−1,−1,0,0 + 3H−1,−1,0,1
+H−1,0,−1,0 − 1
2
H−1,0,0,1 − 1
2
H0,−1,0,0 − 2H0,−1,0,1 +
(1
8
H−1 − 1
12
H−1,−1 +
1
12
H0,−1
)
pi2 +
3
2
H−1ζ3
)
+
1
8
4z3 + 64z2 − z − 13
z3
H1 +
1
8
(
5z + 3
)(
2z2 − 2z + 1)(1 + z)
(1− z)z3 H−1,0 +
z4 − 4z2 + z + 1
(1− z)z3
(
H0,1,0,0
+H0,1,0,1 − 1
6
H0,1pi
2
)
+
[√
4z − 1
z
(
−1
8
10z + 3
1− z H1 −
1
8
H2 − 1
8
6z + 1
1− z H3 +
1
8
17z + 4
1− z H4
)
− 1
8
3z + 2
(1− z)zH5 +
1
8
1
(1− z)zH6 −
1
8
6z2 − 4z + 1
(1− z)z H7 −
1
8
30z2 − 20z − 1
(1− z)z H8 +
1
2
3z − 2
1− z H9 +
z + 2
1− zH10
]]
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+ ipi
{(
Q2u +Q
2
d
)
CF
[
9
2
(1− z)2(1 + z)
z3
H1,0 +
(1− z)(1 + z)2
z3
(
3
2
H−1,−1 − 3
2
H−1,0 − 2H−1,−1,−1
+ 2H−1,−1,0 + 2H−1,0,−1 −H0,−1,0
)
+
(1− z)
z2
(
−1
2
(
3z + 2
)
H0,−1 − 1
4
(
23z + 16
)
H0
)
+
1
4
(
5z + 3
)
(1− z)(1 + z)
z3
H−1 +
(
z2 + 3z + 1
)
(1− z)
z3
2H0,1,0 − 1
8
54z2 − 17z − 34
z2
+
1
2
pi2 − 6ζ3
]
+ CF
[
1
16
8z3 + 372z2 + 17z − 34
(1− z)z2 −
3
4
(
2z2 − 6z + 3)(1 + z)
z3
H1,0 − 1
8
(
2z − 1)(23z + 16)
(1− z)z2 H0
+
(
2z2 − 2z + 1)(1 + z)2
(1− z)z3
(
3
4
H−1,0 − 3
4
H−1,−1 −H−1,−1,0 +H−1,−1,−1 −H−1,0,−1 + 1
2
H0,−1,0
)
+
1
4
(
3z + 2
)(
2z2 − 2z + 1)
(1− z)z2 H0,−1 −
1
8
(
5z + 3
)(
2z2 − 2z + 1)(1 + z)
(1− z)z3 H−1 −
z4 − 4z2 + z + 1
(1− z)z3 H0,1,0
− 1
4
pi2 − 12 1
(1− z)ζ3
]}
. (B15)
In Eq. (B15) we omit writing down the argument z of the iterated integrals. Real and imaginary parts in Eq. (B15)
are explicitly separated.
For completeness, we also present results for the δZmix,2 term. We obtain
δZmix,2 =
NcCF
4(1− z)
{(
zt + 1
)
(1− zt)
z3t
[
1
6
H1(zt)pi
2 −H0,1,1(zt) +H1,0,1(zt)
]
+
1
12
(
17zt + 15
)
(1− zt)
z3t
H1(zt)
+
1
3
2z2t − 3
z2t
H0,1(zt)− 1
6
(
4z2t − 5zt − 17
)
(1− zt)
z3t
H1,1(zt) +
1
36
4z2t − 3zt − 6
z2t
pi2 +
1
24
36z2t − 35zt − 30
z2t
}
. (B16)
Starting from the definitions Eqs.(B13,B14) it is straightforward to obtain the two-loop finite remainder F fin,QCD⊗EW
LVV+LV2
Eq.(A14). It reads 〈
F fin,QCD⊗EW
LVV+LV2
(1u, 2d¯)
〉
=
(
αs(µ)
2pi
αEW
2pi
)
×
[
2<[M˜mix] + 2δZmix,2 − HWQCD⊗EW

+ Ffin,QCD
ud¯
Ffin,EW
ud¯
]
〈FLM(1u, 2d¯)〉 ,
(B17)
where HWQCD⊗EW is given in Eq.(A15) and Ffin,iud¯ are defined in Eq.(B10).
We conclude this section by presenting numerical results for the finite remainders of the one- and two-loop form factor.
Using the numerical values for the various input parameters reported in Section VII, we obtain
〈FQCD,finLV (1u, 2d¯)〉 =
(
αs(µ)
2pi
)
(−8CF )〈FLM(1u, 2d¯)〉 , (B18)
〈FEW,finLV (1u, 2d¯)〉 =
(αEW
2pi
)
(−4.52495)〈FLM(1u, 2d¯)〉, (B19)
〈F fin,QCD⊗EWLVV+LV2 (1u, 2d¯)〉 =
(
αs(µ)
2pi
αEW
2pi
)[
27.2702 + 3.92969 ln
(
M2W
µ2
)]
〈FLM(1u, 2d¯)〉. (B20)
Appendix C: Auxiliary splitting functions and their convolutions
In this appendix, we collect the various splitting functions that we used in our derivations.
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For the NLO calculation, we used
PNLOqq (z, L) = (1− z)−2P¯qq(z) +
1

δ(1− z)e−2L. (C1)
Its expansion in powers of  is given by
PNLOqq (z, L) = −2Lδ(1− z) + 2D0(z)− (1 + z)
+ (2L2δ(1− z)− 4D1(z) + 2(1 + z) ln(1− z)− (1− z))
+
(
4D2(z)− 4
3
L3δ(1− z) + 2(1− z) ln(1− z)− 2(1 + z) ln2(1− z)
)
2
+
(
2
3
L4δ(1− z)− 8
3
D3(z)− 2(1− z) ln2(1− z) + 4
3
(1 + z) ln3(1− z)
)
3.
(C2)
The expansion of the analogous contribution for the γq channel
PNLOqg (z) = (1− z)−2
[
(1− z)2 + z2 − ]/(1− ) (C3)
is straightforward.
When discussing real-virtual contributions, we introduced the following splitting functions
PRVqq (z) =
1

[
1 + z2
1− z ln(z)
]
− 1 + z
2
1− z
[
Li2(1− z) + 3 ln(1− z) ln(z)
]− z
2
− (1− z) ln(z)
+ 
[
−
(
1 + z2
)
Li3(1− z)
1− z + ln(1− z)
(
3
(
1 + z2
)
Li2(1− z)
1− z +
3z
2
+ 3(1− z) ln(z)
)
+ (1− z)Li2(1− z) (C4)
+
9
(
1 + z2
)
ln(z) ln2(1− z)
2(1− z) −
1
2
(1 + z)
]
,
and
PRVqg (z) = −
Γ(1− )3Γ(+ 1)
Γ(1− 2)
{
2(1− z)−3
[
1− 2(1− z)z
1− 
] [
1
2
+ Li3(1− z)− ln(z)

− Li2(1− z)
]
−
2(1− z)−4
(
1− 2(1−z)z1−
)
Γ(1− )2Γ(+ 1)2
2Γ(1− 2)Γ(2+ 1) −
(2+ 1)(z − )(1− z)−3
1− 
}
.
(C5)
When discussing the double-real contribution in the gq channel, we introduced the following convolution[
PNLOqq ⊗ PNLOqg
]
(z, E) = −2 + 5z − 3z2 + 2 (2z2 − 2z + 1) ln(1− z)− (4z2 − 2z + 1) ln(z)
+ 
{
4(1− 2z)Li2(z) + 1
3
[
4
(
pi2 − 12) z2 + 57z − 9]− 6 (2z2 − 2z + 1) ln2(1− z) + (4z2 − 2z + 1) ln2(z)
+
[
8
(
2z2 − 3z + 1)+ 4 (2z2 − 2z + 1) ln(z)] ln(1− z) + (3 + 6z − 4z2) ln(z)}
+ 2
{
16(2z − 1)Li3(1− z) + 8(2z − 1)Li3(z) + Li2(z)
[
4(2z + 3) + 16(2z − 1) ln(1− z)]
+ 8(3− 6z + 4z2)ζ3 − 2pi
2
3
(1 + 9z − 5z2)− 16 + 84z − 68z2 + 28
3
(
2z2 − 2z + 1) ln3(1− z)
− 2
3
(
4z2 − 2z + 1) ln3(z)− 4[ (9z2 − 13z + 4)+ (2z2 − 6z + 3) ln(z)] ln2(1− z)
+
[
−4
3
[ (
4pi2 − 51) z2 + 60z − 9]− 4 (2z2 − 2z + 1) ln2(z)− 8z(1− z) ln(z)] ln(1− z)
+
(
4z2 − 6z − 3) ln2(z)− 2 [1− z + 2z2 − pi2
3
(1− 2z)
]
ln(z)
}
− 1

PNLOqg (z)
[
z−2 −
(
Emax
E
)−2]
.
(C6)
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For the collinear renormalization counterterms, we also need the convolution of Altarelli-Parisi splitting functions
(defined in Appendix D) and the finite one-loop remainder Pfin(z, E) Eq.(32). We obtain
[
P¯AP,0qq ⊗ P finqq
]
(z, E) = −1

(
(2E)−2Γ2(1− )P¯NLO,CVqq (z)
Γ(1− 2) − e
−γEµ−2Γ(1− ) [P¯AP,0qq ⊗ P¯AP,0qq ] (z)
)
,
[
P¯AP,0qg ⊗ P finqq
]
(z, E) = −1

(
Γ2(1− )(2E)−2
Γ(1− 2)
(
3
2
z−2P¯AP,0qg (z) + P¯
NLO,CV
qg (z)
)
− e−γEµ−2Γ(1− ) [P¯AP,0qq ⊗ P¯AP,0qg ] (z)
)
,
(C7)
where the convolutions of Altarelli-Parisi splitting functions are reported in Appendix D and
P¯NLO,CVqq (z) =
(
6D0(z) + 8D1(z) +
(
9
4
− 2pi
2
3
)
δ(1− z)
)
+ 
(
4
3
pi2D0(z)− 6D1(z)− 12D2(z)
− 8ζ3δ(1− z)
)
+ 2
(
16ζ3D0(z)− 1
3
8pi2D1(z) + 6D2(z) +
32D3(z)
3
− 8
45
pi4δ(1− z)
)
+
(
−
(
3z2 + 1
)
ln(z)
1− z − z − 4(z + 1) ln(1− z)− 5
)
+ 
(
(z + 1)
(
2Li2(z) + 6 ln2(1− z)− 3 ln2(z)− pi2
)
− 3
2
(1− z) + 4 ln
2(z)− 6 ln(z)
1− z + (z + 5) ln(1− z) + 2(z + 3) ln(z)
)
(C8)
+ 2
(
(z + 1)
(
−4Li3(1− z)− 4Li3(z) +
(
2pi2 − 4Li2(z)
)
ln(1− z)− 16
3
ln3(1− z)
−(2 ln(z) + 3) ln2(1− z) + 2
3
pi2 ln(z)− 4ζ3
)
− 2(1 + 3z
2)
3(1− z) ln
3(z) + (6− 2z)Li2(z) + pi2
(
z − 5
3
)
− 2(z + 3) ln2(z) + 6 ln
2(z)
1− z − 2 ln(z) + (1− z)(3 ln(1− z)− 2)
)
,
P¯NLO,CVqg (z) = −3z2 + 2
(
2z2 − 2z + 1) ln(1− z) + (−4z2 + 2z − 1) ln(z) + 5z − 2
+ 
(
2(1− 2z)Li2(z) + 1
3
(
pi2(2z − 1)− 3 (8z2 − 9z + 1))− 2 (2z2 − 2z + 1) ln2(1− z)
+
(
4z2 − 2z + 1) ln2(z) + 2 (3z2 − 5z + 2) ln(1− z) + (2z + 3) ln(z))
+ 2
(
4(2z − 1)Li3(1− z) + 4(2z − 1)Li3(z) + Li2(z)(2(2z + 3) + 4(2z − 1) ln(1− z)) (C9)
+
1
3
(−12 (4z2 + z(2ζ(3)− 5)− ζ(3) + 1)− pi2(2z + 3))+ 4
3
(
2z2 − 2z + 1) ln3(1− z)
− 2
3
(
4z2 − 2z + 1) ln3(z) + (2(2z − 1) ln(z)− 2 (3z2 − 5z + 2)) ln2(1− z)
+
2
3
(
24z2 − 2pi2z − 27z + pi2 + 3) ln(1− z)− (2z + 3) ln2(z) + 2
3
(
pi2(1− 2z)− 3) ln(z)).
The triple-collinear splitting function for the qg channel reads
P trcqg (z, E) =
1 + 5z
4
+
(5− 11z + 9z2) ln(2)
2
+
[
3
4
− ln(2)
(
1
2
− z
)]
ln(z)− (3− 6z + 4z
2) ln2(z)
4
37
+
[
z2 + (1− z)2] [Li2(z) + ln(1− z) ln(z) + 3 ln(2) ln( Emax
E(1− z)
)
− pi
2
3
]
+ 
{
1 + 37z
4
− pi
2
3
z(1− z)
− 2pi
2
3
(1− 2z + 3z2) ln(2) + (8− 17z + 15z
2) ln2(2)
4
+
(
8− 51z
2
+ 24z2
)
ln(2)− 6z(1− z) ln(2) ln
(
Emax
E
)
+
[
7z
4
−
(
3
2
+ z
)
ln(2)− (1− 2z) ln
2(2)
4
+
pi2
3
(5− 10z + 8z2)
]
ln(z) +
(19− 38z + 28z2) ln3(z)
12
(C10)
+
[(
1
2
− z
)
ln(2)− (15− 4z + 8z
2)
8
]
ln2(z)− [1 + 5z + (10− 28z + 24z2) ln(2) + 2z(1− z) ln(z)] ln(1− z)
+
[
3− 2z + 2z2 − (2− 4z) ln(2)]Li2(z)− [z2 + (1− z)2][3 ln2(Emax
E
)
ln(2)− 5
2
ln
(
Emax
E(1− z)
)
ln2(2)
+
(
6 ln(2) ln(1− z)− 2pi
2
3
)
ln
(
Emax
E
)
+
[
4 ln(z)− 9 ln(2)] ln2(1− z) + ( ln2(z)
2
− 2pi
2
3
)
ln(1− z)
+
[
4 ln(1− z)− ln(z)]Li2(z) + 4Li3(1− z)]− (9− 18z + 14z2)Li3(z) + 2(1− 2z)ζ3}.
Appendix D: Altarelli-Parisi splitting functions and their convolutions
Here we list the Altarelli-Parisi splitting functions that we use in this paper. These functions do not contain color
factors because in many cases they are used to describe QED and QCD radiation at the same time. At NLO, we need
P¯AP,0qq (z) = 2D0(z)− (1 + z) +
3
2
δ(1− z),
P¯AP,0qg (z) = (1− z)2 + z2.
(D1)
At NNLO, we also used the following (abelianized) one-loop splitting functions
P¯AP,1qq (z) = 3− 2z + 2
(
1− 1 + z
2
1− z ln(1− z)
)
ln(z) +
1 + 3z2
2(1− z) ln
2(z)
+ 2
1 + z2
1− z Li2(1− z) + δ(1− z)
(
3
8
− pi
2
2
+ 6ζ3
)
,
P¯AP,1qg (z) = 2−
9
2
z + 2 ln(1− z)− (1− 4z) ln(z)
2
− (1− 2z) ln
2(z)
2
+
[
z2 + (1− z)2] [5− pi2
3
− 2 ln
(
1− z
z
)
+ ln2
(
1− z
z
)]
.
(D2)
We note that the P¯AP,1qq splitting function in Eq.(D2) subtracts collinear singularities arising from the gγ final state
only (and not from the qq¯ final state). The equivalent result inclusive over all possible final states (i.e. gγ and qq¯)
can be obtained by abelianizing the standard NLO Altarelli-Parisi non-singlet splitting function.
We also need the convolution of two LO splitting functions:[
P¯AP,0qq ⊗ P¯AP,0qq
]
(z) = 6D0(z) + 8D1(z) +
(
9
4
− 2pi
2
3
)
δ(1− z)−
(
3z2 + 1
)
ln(z)
1− z − z − 4(z + 1) ln(1− z)− 5,[
P¯AP,0qq ⊗ P¯AP,0qg
]
(z) = −2 + 5z − 3z2 − (1− 2z + 4z2) ln(z) +
(
2 ln(1− z) + 3
2
)
P¯AP,0qg (z). (D3)
Appendix E: Calculation of the triple-collinear integrated counterterm for the gluon-photon final state
According to the discussion in the main text, the triple-collinear limit of the process u+ d¯→W+ + g+ γ is described
by the following formula
ITC = 〈(I − Sg)(I − Sγ)Ξqq¯2 FLM(1u, 2d¯, 4g, 5γ)〉, (E1)
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where
Ξqq¯2 = Cγg,1(I − Cg1)ωγ1,g1θA + Cγg,1(I − Cγ1)ωγ1,g1θB + Cγg,2(I − Cg2)ωγ2,g2θA + Cγg,2(I − Cγ2)ωγ2,g2θB , (E2)
and θA = θ(ργi− ρgi) and θB = θ(ρgi− ργi), see Eq.(53). We remind the reader that triple-collinear operators do not
act on the unresolved phase space, while double-collinear ones do, see Refs. [12, 45] for details.
We write
Ξqq¯2 = Ξ
(1)
2 + Ξ
(2)
2 , (E3)
to describe emissions off incoming u and d¯ quarks respectively and focus on Ξ(1)2 . Taking into account that
Cγg,1ω
γ1,g1 = Cγg,1 and factoring out color factors, we find
I(1)TC = Q2uCF e2g2s
〈
(I − Sg)(I − Sγ)
[
(I − Cg1) θA + (I − Cγ1) θB
] 1
s1gγ
P¯1gγ(...)FLM(1− γ − g, ...)
〉
, (E4)
where P¯1gγ is the abelian part of the q → ggq∗ splitting function computed in Ref. [107]. Using the fact that
1 = θA + θB , we write this contribution as
I(1)TC = Q2uCF e2g2s
〈
(1− Sg)(1− Sγ)
[
1− (Cg1θA + Cγ1θB)
] P¯1gγ(...)
s1gγ
FLM (1− γ − g, ...)
〉
, (E5)
where terms proportional to Cαi are referred to as strongly-ordered.
We would like to rewrite the expression for I(1)TC in such a way that the result in Ref. [51] can be employed. We recall
that our current parametrization differs from the one considered in Ref. [51] because i) we do not order the energies
of the gluon and the photon in the final state and ii) we only consider two angular sectors instead of four. We first
consider the issue of energy ordering, introduce the partition of unity
1 = θ(Eg − Eγ) + θ(Eγ − Eg) , (E6)
and write
I(1)TC = Q2uCF e2g2s
×
〈
(1− Sg)(1− Sγ)
[
1− (Cg1θA + Cγ1θB)
][
θ(Eg − Eγ) + θ(Eγ − Eg)
] P¯1gγ(...)
s1gγ
FLM (1− γ − g, ...)
〉
.
(E7)
We note that this expression is symmetric upon exchanging g ↔ γ. This is because, upon replacing g ↔ γ, we find
that Cg1θA ↔ Cγ1θB . All other terms in Eq. (E7), including the triple-collinear splitting function P¯1gγ are manifestly
symmetric under g ↔ γ. This allows us to remove one of the energy orderings. Accounting for the extra factor of two
we write
I(1)TC = 2×Q2uCF e2g2s
×
〈
(1− Sg)(1− Sγ)
[
1− (Cg1θA + Cγ1θB)
]
θ(Eγ − Eg) P¯1gγ(...)
s1gγ
FLM (1− γ − g, ...)
〉
. (E8)
This form is now energy-ordered and, except for a different definition of sectors, compatible with the integrals studied
in Ref. [51].
It is very simple to adapt the calculation [51] to the definition of sectors used in this paper. Indeed, the new sector
definition only affects the strongly-ordered terms proportional to the double-collinear operators Cαi, whereas the
purely triple-collinear term remains unchanged and we can borrow it directly from Ref. [51]. At this point, we recall
that double-collinear operators act on the unresolved phase-space and that the corresponding integrand drastically
simplifies upon taking the limit [51]. The integration with the new sector definition is again straightforward, which
allows us to compute the required integrated triple-collinear contributions with minimal effort.
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